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Abstract

We consider a riskless asset (a �zero coupon bond�) that trade on a dealer (OTC)
market or a limit order market. In the limit order market, investors can choose to
be "makers" (post limit orders) or "takers" (hit limit orders) whereas in the dealer
market they must trade at dealers� quotes. Moreover, in the limit order market,
investors pay a trading fee to the operator of this market (�the matchmaker�). We
show that, for some parameter values, an increase in the matchmaker�s trading fee
can raise investors� ex-ante expected welfare. Actually, it forces makers to post
more aggressive o¤ers and thereby it raises the likelihood of a direct trade between
investors. Thus, a reduction in the matchmaker�s trading fee (due for instance to
increased competition between trading platforms) can counter-intuitively raise the
OTC market share and impair investors� welfare. However, investors are always
better o¤ with a zero trading fee rather than the fee set by a for-pro�t monopolist
matchmaker. Finally, the model has testable implications for the e¤ects of a change
in trading fees and their breakdown between makers and takers on various measures
of market liquidity.

Keyword: Limit order markets, trading fees, make/take fees, inter-market com-
petition, liquidity, OTC markets, securities market structure.
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1 Introduction

The industrial organization of securities markets is changing fast, both in Europe and in

North America. For instance, in recent years, new trading platforms (BATS, Chi-X, EdgeX,

Turquoise etc...) have challenged incumbent stock exchanges (e.g., NYSE-Euronext, the

Nasdaq, the London Stock Exchange etc...). As a consequence, incumbents�market share

has declined and trading is more fragmented. For instance, the market share of the NYSE

(as a fraction of total trading volume) fell from 66% in January 2007 to about 40% in

March 2009. A similar evolution is observed in Europe where, for instance, the market

share of the London Stock Exchange dropped from about 70% to 60% in 2009.

The new platforms are often organized as limit order markets where traders can submit

limit orders (post prices at which they are willing to trade) or submit market orders

(hit limit orders). Platforms refer to investors submitting limit orders as makers and to

investors submitting market orders as takers. Indeed, makers �build up� the liquidity

of the market by posting o¤ers while takers �consume� this liquidity by hitting o¤ers.

Platforms earn a fee each time a maker is matched with a taker and makers and takers

are often charged di¤erent fees.1 As competition among platforms is heating up, these fees

have steadily declined.

The e¤ects of this evolution are very much debated but not well understood yet. For

instance, to date, the SEC has received more than two hundred comments on its concept

release regarding the organization of U.S. equities markets and many of these comments

address the question of fees.2 Similarly, a recent consultation paper by the Committee

of European Securities Regulators (CESR) raises the following question: �What are the

impacts of current fee structures on trading platforms, participants, their trading strategies

and the wider market and its e¢ ciency?�.3

Addressing these questions requires to understand how trading fees a¤ect the �make

or take decision,� (the choice between a market or a limit order) and the impact of this

decision on investors�welfare. However, this analysis does not exist in the literature. Our

1For instance, in 2009, in each transaction, NYSEArca (a trading platform owned by the NYSE) was
charging $0.0030 (per share) to the taker and rebating $0.0024 (per share) to the maker. The net revenue
for NYSEArca was therefore $0.0006 (per share traded).

2See http://www.sec.gov/comments/s7-02-10/s70210.shtml
3See �Call for Evidence: Micro-Structural Issues of the European equity markets.� Available at

http://www.cesr.eu/.
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goal here is to �ll this gap. Our key and new �nding is that an increase in trading fees

can, surprisingly, increase investors�welfare because it forces makers to post o¤ers with a

higher �ll rate. This e¤ect reduces the likelihood that investors resort to an intermediary

(a dealer), which improves welfare (as intermediation involves a dead-weight cost). Thus,

surprisingly, unbridled competition among trading platforms may lead to too low trading

fees, even from investors�point of view. Moreover, we use the model to compare investors�

welfare in di¤erent market structures. Interestingly, we �nd that, for some parameter

values, investors�welfare can be reduced by the presence of dealers who stand ready to

buy or sell the security continuously.

Our model features the market for a riskless security populated by buyers (investors

with a high private value for the security) and sellers (investors with a low private value).4

Buyers and sellers arrive sequentially and have a deadline to carry out their trade. In our

baseline model, upon arrival, an investor can choose to trade either in a dealer market

or in a limit order market. This case is relevant since, in equities markets, limit order

markets often face competition from over the counter (OTC) dealer markets.5In the limit

order market, the investor can choose to submit a market order (act as taker) or to post

a limit order (act as maker). With a limit order, he obtains a better execution price but

he runs the risk that his order will remain un�lled by the time his deadline is reached. If

this happens, the investor can, in last resort, trade in the dealer market before leaving the

market.

Dealers in the OTC bear an order processing cost each time they execute a trade. As

they make zero pro�ts, the cost of trading in the OTC market is entirely determined by

the size of the order processing cost. In contrast, in the limit order market, investors bear

no order processing cost since, in this market structure, no intermediaries use resources

to step in between �nal investors. However, investors prefer fast to slow execution, other

things equal. Thus, liquidity provision in the limit order market is not free: makers bear

a �waiting cost�for which they must receive a compensation. Moreover, we assume that

each time a maker and a taker are matched in the limit order market, they pay a fee to

4Our model of limit order trading builds upon Foucault (1999). However, this model considers a single
limit order market and does not study how trading fees a¤ect the make-take decision for investors.

5The fraction of trades taking place in these OTC markets can be signi�cant. For instance, for stocks
constituents of the FTSE 100, OTC trades account for about 46% of all trades as of November 2009
(source: Thomson-Reuters).
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the operator of this market (the �matchmaker�). As observed in practice, we allow this

fee to be di¤erent for a maker and a taker and we consider both the e¤ects of changing

the make/take fee breakdown and the total fee.

As a benchmark, we �rst analyze the allocation of matches (between investors or be-

tween investors and dealers) that maximizes investors�welfare in this setting (the �un-

constrained �rst best�for investors). In any trading mechanism, incentives compatibility

constraints will in general prevent investors from achieving this allocation.6 Thus, this

benchmark yields an upper bound for the gains from trade that investors can obtain in the

trading mechanisms considered in the paper. Not surprisingly, in this case, the trading fee

must be set to zero since a positive fee simply reduces the gains from trade available to

investors.

This benchmark is useful to delineate the sources of ine¢ ciencies that arise in the

market structures we consider. We identify two sources of ine¢ ciencies. First, the dealer

market can �crowd out�the limit order market �too frequently�relative to the �rst best.

Intuitively, it can be e¢ cient to concentrate all trades in the dealer market since this is a

way to save on waiting costs. But this is more e¢ cient only if the order processing cost

is low enough, i.e., below a threshold. Instead, in equilibrium, the liquidity of the limit

order market dries up for values of the order processing cost well above this threshold. The

reason is that makers compete with dealers. Hence, the dealer market reduces the rents

makers can extract from takers and can therefore lead to an outcome where it is never

individually optimal to submit a limit order. In this case, the limit order market breaks

down.

The second source of ine¢ ciency is more mundane: makers can strategically choose

limit orders with low execution probabilities to obtain a higher surplus in case of execution.

As a consequence, the rate at which trades happen on the limit order market can be too

low relative to the rate required to achieve the �rst best for investors. In this case, it is

possible to improve investors�welfare in equilibrium by raising the trading fee. To see why,

consider an increase in the matchmaker�s trading fee. This increase reduces the surplus to

be split between makers and takers. However, takers can claim a higher fraction of this

6It is worth stressing that the ��rst best� here is the allocation of trades that maximizes investors�
welfare assuming that the central planner choosing this allocation has full knowledge of the investors�type.
Clearly, no mechanism can do better than this allocation.
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dwindling �cake.�Indeed, their outside option (an immediate trade in the dealer market)

becomes relatively more attractive and therefore their market power is higher. For some

parameter values, this shift in market power from makers to takers forces the former to

post more aggressively priced limit orders, i.e., limit orders that have a higher likelihood of

execution. As a result, for intermediate values of dealers�order processing cost, an increase

in the matchmaker�s trading fee can, counter-intuitively, make the rate of trades on the

limit order market closer to the �rst best and raise investors�welfare.

In the last part of the paper, we contrast two types of market structures: (i) a sin-

gle matchmaker and a dealer market and (ii) two competing matchmakers and a dealer

market. We �rst derive the optimal pricing policy of the matchmakers in each case. Com-

petition among matchmakers drives the trading fee to zero while, not surprisingly, a single

matchmaker uses its monopoly power to charge a higher trading fee. However, a single

matchmaker has one bene�t for investors: it reduces the range of values for the order

processing cost such that the matching rate on the limit order market is too low. The

reason is that the matchmaker has all incentives to set a high trading fee if this does not

come at the cost of a lower trading rate. Despite this bene�t, we show that investors�

welfare is higher with two competing matchmakers because a single matchmaker leaves

too little surplus to investors. We also show that for some parameter values investors�

welfare is higher when the dealer market is shut down.

The model yields a rich crop of predictions that could be tested using the ongoing battle

among stock markets in the U.S. and in Europe. The most surprising and novel predictions

come from the e¤ect of the trading fee on limit order execution probabilities and investors�

welfare. First, the model implies that, for some parameter values, a decrease in the trading

fee can trigger a decrease in limit orders�execution probabilities, other things equal. As

a consequence, the market share of the dealer market increases, despite the fact that the

cost of trading in the limit order market (even including the bid-ask spread) has declined.

Testing for this e¤ect provides a sharp test of our theory since it is clearly non standard.

Interestingly, the recent entry of new trading platforms in European equities markets seems

to coincide with both lower trading fees and an increase in the market share of the OTC

market (the dealer market in our set-up). This evolution is puzzling for many analysts but

it is a possible outcome in our model.
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Second, and relatedly, a decrease in trading fee can lower investors�welfare for reasons

explained previously. Thus, an intensi�cation of competition among matchmakers does not

necessarily improve investors�welfare. Holli�eld et al.(2006) empirically estimate investors�

welfare in a limit order market (the Vancouver Stock Exchange). Interestingly, they �nd

empirically that the opportunity cost associated with un�lled limit orders is the main

source of ine¢ ciency in a limit order market. In our model, an intensi�cation of inter-

market competition (entry of a new limit order market or a decrease in order processing

costs) can sometimes lower ex-ante gains from trade precisely because it results in smaller

�ll rates for limit orders. Holli�eld et al.(2006)�s methodology could be used to test this

prediction.

Last, the model makes predictions about the e¤ect of a change in make/take fees on

the bid-ask spread. In equilibrium, the �raw�traded bid-ask spreads (i.e., the di¤erence

between ask and bid prices at which trades take place) decreases in the take fee and

increases in the make fee. Thus, an increase in the total fee can lead to wider or tighter

raw bid-ask spreads depending on whether the take or the make fee increases. In contrast,

the cum fee bid-ask spread (i.e., the di¤erence between the ask price plus the take fee and

the bid price minus the take fee) always increases in the total fee and is independent of the

make/take fee breakdown. For instance, when the take fee increases, makers must post

more attractive bids to prevent investors acting as takers from switching to being makers.

But the reduction in bid-ask spread is less than the increase in the take fee so that the

burden of an increase in the take fee is borne by makers and takers.

Our analysis is related to theories of �competition for order �ow�in securities markets

(e.g., Pagano (1989), Glosten (1994), Hendershott and Mendelson (2000), Parlour and

Seppi (2003), Viswanathan and Wang (2002), Foucault and Menkveld (2008) or Degryse

et al.(2009)).7 These theories usually do not consider the possibility for investors to act as

a maker or a taker. Thus, they do not analyze how this choice is a¤ected by a change in

trading fee and more generally by a change in the degree of competition between market

platforms as we do here. Instead, the literature has focused on liquidity externalities and

network e¤ects (e.g., Pagano (1989) or Hendershott and Mendelson (2000)), which are

7There is also a rich empirical literature on this topic (e.g., Barclay et al.(2003), Biais et al. (2004),
Boehmer and Boehmer (2004), Defontnouvelle et al.(2003), O�Hara and Ye (2009), or Cantillon and Yin
(2010)).
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absent from our analysis.

More generally, our paper contributes to the literature on competition between markets

(e.g., Yavas (1992), Gehrig (1993), Silber (1996) or Rust and Hall (2006)). This literature

also takes trading fees as given (or ignores these fees). In contrast we explicitly model

the choice of their trading fee by competing platforms. This is important to analyze the

e¢ ciency of various trading arrangements. Last our paper is also related to Degryse et

al.(2010). They consider the e¤ect of clearing and settlement fees on investors� order

placement strategies in a single market environment. Their approach is complementary

since clearing and settlement fees add to the trading fee paid by investors to trading

platforms. However, they are in general not under the control of trading platforms.8

The paper is organized as follows. Section 2 describes the model. Section 3 derives the

equilibrium of the model. Section 4 analyze the implications of the model for liquidity and

investors�welfare. Then in Section 5, we derive the optimal pricing policy of a matchmaker

in various market structures and we compare investors�welfare in these market structures.

Section 6 concludes.

2 Model

2.1 Market participants

Buyers and Sellers. We consider the market for a riskless security that pays a single cash

�ow v0 at a random date eT . Speci�cally, at each date t = 0; 1; 2,...., there is a probability
(1 � �) that the asset pays its cash-�ow. If date t is not the terminal date, then a new
investor arrives in the market to buy or sell one share of the security. The investor has a

deadline of one period to carry out his transaction, after which he leaves the market forever.

An investor�s valuation for the security is either high, vH = v0 + L or low, vL = v0 � L
with equal probabilities.9 Investors with a high valuation want to buy the security whereas

investors with a low valuation want to sell it. We denote by �v
def
= vH � vL = 2L, the size

of the gains from trade between buyers and sellers.

8For instance, all trades in U.S. equities markets are cleared and settled by unique agencies (respectively,
NSCC and DTCC).

9Heterogeneity in investors�private value generates gains from trade as in many other models of limit
order trading (e.g., Goettler et al.(2009) or Holli�eld et al.(2004)). See Du¢ e et al. (2005) for economic
interpretations.
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Investors also di¤er in terms of impatience: patient investors�discount factor is b�H
whereas impatient investors� discount factor is b�L < b�H with b�L > 0. The fraction of

patient investors is denoted by �. In practice, investors�preference for quick execution

arises from the need to synchronize trades across di¤erent securities (e.g., for arbitrageurs)

or replicate a security (e.g., for index fund managers). The discount factor captures this

preference for quick execution rather than the time value of money (as in Foucault et

al.(2005) or Goettler et al.(2009)).

Trading venues. Each investor can trade either in a dealer market or in a limit order

market, as shown on Figure 1.

Insert Figure 1 here

The Dealer Market (DM). In this market, dealers continuously post ask and bid

prices denoted Am and Bm at which they stand ready to buy or sell one share of the

security. These market-makers value the security at v0. To process an order, they bear a

cost � < L. Hence, competition among market-makers implies that:

Am = v0 + �;

Bm = v0 � �:

When he contacts a dealer, an investor buys or sells the security at the dealer�s quotes and

exits the market forever. Investors do not pay a fee to trade in the dealer market.10Thus,

when a trade takes place on the dealer market, the surplus accruing to the investor is

Gd = L � � and the dealer has a zero pro�t. The order processing cost, �, is therefore a
deadweight cost. If � � L, investors cannot trade at a pro�t with dealers and the dealer
market is inactive.

The Limit Order Market (LOM). Alternatively, the investor can choose to trade

in the limit order market. He must then choose to submit either a limit order or a market

order. If an investor submits a buy (resp. sell) market order then the investor immediately

trades at the best available ask (resp. bid) price and exits the market. If instead the

investor submits a limit order, he speci�es a bid or an ask price at which he is willing to

trade. This o¤er is stored in the limit order book, waiting for future execution. Limit

10In dealer markets, commissions are in general factored into quotes.
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orders are valid for one period since this is the deadline of all investors. Thus, either a

limit order is �lled after one period or it is cancelled. If the limit order is cancelled, then

the investor trades with a dealer and exits the market.11 That is, investors with un�lled

limit orders use the dealer market in last resort. Following the terminology used by trading

platforms, we call "makers" the investors posting quotes and �takers�the investors hitting

quotes.

The limit order book is the set of o¤ers posted in the limit order market at any point in

time. As limit orders are valid for only one period, at each date t, the limit order book has

three possible states: (i) it contains a sell limit order, (ii) it contains a buy limit order, or

(iii) it is empty. Let At and Bt be the ask and bid prices posted in the limit order market

at the beginning of period t. When an investor has posted a sell (resp. buy) limit order

at date t� 1, then At (resp. Bt) is endogenous and will be determined below. Otherwise
if there is no sell limit order in the book, we set At = A = +1. Similarly, if there is no
buy limit order in the book we set Bt = B = �1.
The owner of the limit order market (the "matchmaker") collects a fee, fT � 0, each

time a transaction occurs. This fee is split between each side (maker/taker) of a transaction

as follows: the taker pays fm and the maker pays fl so that fT = fl+fm. Following practice,

we refer to fl as being the "make fee" and to fm as being the "take fee". For simplicity,

we set the cost of processing trades for the matchmaker to zero. We denote by

Gl
def
= �v � fT = 2L� fT ,

the size of the gains from trade net of the fees charged by the matchmaker. When a trade

takes place on the limit order market, the total surplus is Gl + fT > Gd, i.e., conditional

on a trade, the limit order market is a more e¢ cient technology to match buy and sell

orders.12

11For simplicity, we assume that if a limit order is un�lled at, say, date t, there is a small delay (less than
one period) between the moment at which the investor with the un�lled limit order exits the market (after
trading in the dealer market) and the moment at which a new limit order at date t (if any) is submitted
in the limit order book. In this way, we avoid the problem that the investor with the un�lled limit order
may want to retrade against the new limit order in the book.
12Studies of bid-ask spreads on Nasdaq and the NYSE when these markets were, respectively, similar

to a dealer market and a limit order market have shown that the average bid-ask spread on Nasdaq was
higher than on the NYSE, in part because real costs of intermediation were higher on Nasdaq (see Stoll
(2000)). The real cost of intermediation in a dealer market includes labor costs but also the cost of
capital associated with inventory risk. This cost is absent from our model but will add up to the cost
of intermediation in the dealer market. Fink et al.(2006) also provides evidence consistent with the view
that limit order markets are less costly trading technologies.
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To sum up, when they arrive in the market, investors can trade immediately, either at

dealers�quotes or at the best quotes posted in the limit order market. Alternatively, they

can post an o¤er to buy or sell the security in the limit order market. In this case, they

take the risk that this o¤er will not be hit. When an investor is indi¤erent between the

two trading venues, we assume that he trades on the limit order market.

Payo¤s. Let �i � �b�i. For brevity, we will refer to �i as investor i�s discount factor.
Consider a buyer with a discount factor �i who arrives at date t. If he contacts a dealer

upon arrival, he obtains a payo¤

Gd = vH � Am = L� � � 0.

If instead, the buyer submits a buy market order, his payo¤ is

U bum (At; fm)
def
= vH � At � fm; (1)

and if he posts a buy limit order at price B, his expected payo¤ is

U bul (B; fl; �i)
def
= �i

�
�buex;t(B)(vH �B � fl) + (1� �buex;t(B))Gd

�
; (2)

where �buex;t(B) is the execution probability of a buy limit order posted at price B at date

t, conditional on continuation of the trading game at date t+ 1.13

Similarly, the payo¤ of a seller who contacts a dealer is Gd. If instead the seller submits

a market order at date t, her payo¤ is:

U sem (Bt; fm)
def
= Bt � vL � fm; (3)

whereas her payo¤ with a sell limit order at price A is:

U sel (A; fl; �i)
def
= �i

�
�seex;t(A)(A� vL � fl) + (1� �seex;t(A))Gd

�
; (4)

where �seex;t(A) is the execution probability of a sell limit order posted at price A at date

t, conditional on continuation of the trading game at date t+ 1.

Timing. We solve the model backward. First, for �xed fees of the trading platform,

we solve for investors�order placement strategies in equilibrium (see below). Second, we

solve for the optimal fees of the trading platform (fl, fm and fT ). In choosing its fees,

the trading platform correctly anticipates how these fees a¤ect traders�order submission

choices.
13If the asset pays o¤ at date t + 1, the limit order posted at date t does not execute and the investor

posting this order gets a zero payo¤.
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2.2 Possible regimes for the limit order market

Consider a buyer arriving at date t when the ask price in the market is At. Let B�t be the

optimal bid price of this buyer if he submits a limit order. By de�nition

B�t 2 ArgmaxB U bul (B; fl; �i):

When the buyer arrives, he chooses one of three options: (i) a buy market order on the

limit order market, (ii) a buy limit order at price B�t , or (iii) a buy order in the dealer

market. We denote these three options: bm, B�t and bd, respectively. The optimal bid

price for a buyer does not depend on his discount factor since this factor simply scales the

payo¤ of a buy limit order (see equation (2)).14 But the choice among the three possible

decisions for the investor depends on the discount factor. The buyer�s choice is denoted

by Ob(�i; At) 2 fbm, B�t , bdg.
Now consider a seller who arrives at date t when the bid price in the market is Bt.

We denote by A�t the optimal ask price posted by this investor if she submits a sell limit

order. She has three options: (i) a sell market order on the limit order market, (ii) a

sell limit order at price A�t or (iii) a sell order in the dealer market. We denote these

three options: sm, A�t and sd, and we denote the seller�s choice among these options by

Os(�i; Bt) 2 fsm, A�t , sdg. We refer to Os(�) and Ob(�) as the sellers and the buyers�order
placement strategies.

An equilibrium is a set of order placement strategies O�s(�) and O�b (�) such that (i)
O�s(�i; Bt) maximizes the expected payo¤ of a seller with type �i when she arrives in the

market given that she expects other participants to follow strategies O�s(�) and O�b (�) and
(ii) O�b (�i; At) maximizes the expected payo¤ of a buyer with type �i when he arrives in

the market given that he expects other participants to follow strategies O�s(�) and O�b (�).
Investors�order placement strategies do not depend on time and the history of the market

until their arrival date. Thus, we focus on Markov perfect equilibria. This focus is natural

since investor�payo¤s do not directly depend on the history of the game (see Maskin and

Tirole (1997)).

At date t, the Bellman equation for a buyer�s problem is

Vb(�i; At) =MaxfvH � At � fm; U bul (B�t ; fl; �i); Gdg
14In fact for a given bid B, we have U bul (B; fl; �L) =

�
�L
�H

�
U bul (B; fl; �H).
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Let Ar�(�i) be such that

vH � Ar�t (�i)� fm =MaxfU bul (B�t ; fl; �i); Gdg (5)

The buyer optimally picks a buy market order i¤At � Ar�(�i). Thus, Ar�t (�i) is the highest
ask price at which the buyer is willing to submit a market order on the limit order market.

We refer to Ar�t (�i) as the buyer�s cut-o¤ price at date t.

Similarly, a seller will submit a sell market order i¤Bt � Br�t (�i) where

Br�t (�i)� vL � fm =MaxfU sel (A�t (vL); fl; �i); Gdg: (6)

Thus, Br�t (�i) is the smallest bid price at which the seller is willing to submit a market

order on the limit order market. We refer to this bid as the seller�s cut-o¤ price.

Lemma 1 Buyers�cut-o¤ prices decrease in �i and sellers�cut-o¤ prices increase in �i.

That is, Ar�t (�H) � Ar�t (�L) and Br�t (�H) � Br�t (�L).

Impatient investors are more willing to pay a concession to trade upon arrival since they

receive a smaller expected payo¤with a limit order. Thus, impatient buyers�(resp. sellers�)

cut-o¤ price is higher (resp., lower) than patient buyers�cut-o¤ price. Now consider a sell

limit order posted at price At. This order executes at date t only if the investor arriving at

this date is a buyer with a cut-o¤ price higher than At. As Ar�t (�H) < A
r�
t (�L), we deduce

that the execution probability of the sell limit order placed at At is

�seex(At) =

8<:
�
2

if At � Ar�(�H);
(1��)�
2

if Ar�(�H) < At � Ar�(�L);
0 if At > Ar�(�L):

(7)

Similarly, the execution probability of a buy limit order posted at price Bt is:

�buex(Bt) =

8<:
�
2

if Bt � Br�(�H);
(1��)�
2

if Br�(�L) � Bt < Br�(�H);
0 if Bt < Br�(�L):

(8)

Thus, when a buyer chooses a limit order, he optimally posts either a high bid price equal to

Br�(�H) or a low bid price equal to Br�(�L). We refer to the �rst bid as being a high �ll rate

limit order and the second bid as being a low �ll rate limit order. The order with a low �ll

rate yields a greater surplus in case of execution but it executes less frequently. Similarly,
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makers on the sell side choose either a limit order with a high �ll rate (A� = Ar�(�H)) or

a low �ll rate (A� = Ar�(�L)).

An investor will not use a limit order if he can obtain a larger expected trading pro�t

by trading immediately on the dealer market. This is the case for a buyer of type �i i¤:

MaxfU bul (Br�(�H); fl; �i); U bul (Br�(�L); fl; �i)g < Gd. (9)

Similarly, a seller with type �i never submits a limit order i¤:

MaxfU sel (Ar�(�H); fl; �i); U sel (Ar�(�L); fl; �i)g < Gd. (10)

If these conditions are satis�ed for all investors then the dealer market �crowds out�the

limit order market: investors never submit a limit order and therefore no trade happens

on the limit order market. Otherwise, since impatient investors obtain a smaller expected

payo¤ when they use limit orders, there are two possibilities: (i) conditions (9) and (10)

are satis�ed for patient investors only or (ii) conditions (9) and (10) are satis�ed for patient

and impatient investors. In the �rst case, only patient investors act as makers while in

the second case both patient and impatient investors act as makers (for some states of the

limit order book). We refer to equilibria of the �rst type as "specialized equilibria" and to

equilibria of the second type as "unspecialized equilibria."

In summary, there are �ve possible types of equilibria (�regimes�) for the market:15

1. Unspecialized/High Fill Rate (type #1): The equilibrium is unspecialized and

when they submit a limit order, investors choose a limit order with high execution

probability. Hence on the equilibrium path, patient and impatient investors submit

limit orders when the limit order book lacks liquidity on their side and market orders

otherwise. They only use the dealer market in last resort.

2. Unspecialized/Low Fill Rate (type #2): The equilibrium is unspecialized and

when they submit a limit order, investors choose a limit order with a low execution

probability. Hence on the equilibrium path, patient investors always submit a limit

15For brevity, for each type of equilibrium, we just describe investors�actions on the "equilibrium path,"
i.e., given the states of the limit order book that arise in equilibrium. Of course, a full description of
investors�order placement strategies in equilibrium require to specify their action for all possible states of
the limit order book, even those that are unobserved on the equilibrium path. This speci�cation is readily
deduced from the type of equilibrium (specialized/unspecialized) and the type of limit orders (high �ll
rate/low �ll rate) that investors use.
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order when they arrive in the market. Impatient investors submit a limit order if

the limit order book lacks liquidity on their side and a market order otherwise. All

investors only use the dealer market in last resort.

3. Specialized/Low Fill Rate (type #3): The equilibrium is specialized. Patient

investors behave as in the unspecialized equilibrium with a low �ll rate and are the

sole investors submitting limit orders. Impatient investors never submit a limit order.

They contact the dealer if the limit order book lacks liquidity on their side when they

arrive in the market and they submit a market order otherwise.

4. Specialized/High Fill Rate (type #4): The equilibrium is specialized. Impatient

investors behave as in the specialized equilibrium with a low �ll rate and patient

investors behave as in an unspecialized equilibrium with a high �ll rate.

5. Dealer Market Only (type #5): The dealer market crowds out the limit order

market. When they arrive in the market, all investors immediately trade in the dealer

market.

In the rest of the paper we focus on the case in which parameter values satisfy the

following condition:

C.1:
2�

1� � (1� �L) < �H � �L <
2�

1� � : (11)

Note that this condition requires � � 1
3
since �j 2 (0; 1]. As shown in the next section,

under Condition C.1, each type of equilibrium can occur. Thus, by focusing on this range

of parameters, our analysis covers all possible cases that can emerge in equilibrium. In

contrast, for other parameter values, only a subset of all possible equilibria will emerge.

Sometimes, for brevity, we shall refer to an equilibrium by its shorthand, e.g., a type

#1 for the unspecialized/high �ll rate equilibrium. We label a type #5 equilibrium, the

equilibrium in which the limit order market is inactive.

3 Equilibria

We �rst describe the type of equilibrium that is obtained for each values of the parameters.

To this end, we de�ne the following variables �1 =
2��(1��)(�H��L)

2�+�H(1+�)��L(1��) , �2 =
�L(1��)
2(1��L�) ,
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�3 =
�H(1��)�2�
2(1�2���H�) , �4 =

�H
2
. Under Condition C.1, �1 � �2 � �3 � �4. Let �(�; fT ) � Gd

Gl
=

L��
2L�fT .

Proposition 1 The values of the parameters being �xed, there is a unique Markov Perfect

Equilibrium. The type of the equilibrium is as follows:

1. When �(�; fT ) � �1 then the unique equilibrium is an unspecialized/high �ll rate

equilibrium. In this equilibrium, bid and ask quotes posted by sellers and buyers are

A� = vH � fm �
�H

2 + �H
(Gl +Gd);

B� = vL + fm +
�H

2 + �H
(Gl +Gd):

2. When �1 < �(�; fT ) � �2 then the unique equilibrium is an unspecialized/low �ll

rate equilibrium. In this equilibrium, bid and ask quotes posted by buyers and sellers

are

A� = vH � fm �
�L

2 + �L(1� �)
�
(1� �)Gl + (1 + �)Gd

�
;

B� = vL + fm +
�L

2 + �L(1� �)
�
(1� �)Gl + (1 + �)Gd

�
:

3. When �2 < �(�; fT ) � �3 then the unique equilibrium is a specialized/low �ll rate

equilibrium. In this equilibrium, bid and ask quotes posted by buyers and sellers are

A� = v0 � fm + �;

B� = v0 + fm � �:

4. When �3 < �(�; fT ) � �4 then the unique equilibrium is a specialized/high �ll rate.

In this equilibrium, bid and ask quotes posted by investors are as in the unspecial-

ized/high �ll rate equilibrium (Case 1).

5. When �(�; fT ) > �4 , the limit order market is inactive.

Thus, the equilibrium type is determined by the position of �(�; fT ) relative to the

thresholds, �j. Hence, ultimately, the type of equilibrium depends on dealers� order
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Matchmaker�s fee: fT

Order Processing Cost: � 0 0:5 0:9 1:25

0:7 (#1; 50%; 33%) (#2; 40%; 29%) (#3; 40%; 8%) (#4; 50%; 9%)
0:6 (#2; 40%; 29%) (#3; 40%; 8%) (#4; 50%; 9%) #5
0:5 (#3; 40%; 8%) (#4; 50%; 9%) #5 #5
0:4 (#4; 50%; 9%) (#4; 50%; 9%) #5 #5

Table 1: Equilibrium outcomes for various values of the order processing cost in the dealer
market and the fee in the limit order market. For each value of (�; fT ) shown in the table,
we give (i) the equilibrium type, (ii) the execution probability of a limit order and (iii)
the trading rate (i.e., the unconditional probability of a trade on the platform). Other
parameter values are L = 1, �H = 0:8, �L = 0:5 and � = 0:2.

processing cost, �, and the total fee charged by the matchmaker, fT . To see this more

clearly, let �0 = 0,

�k � L(1� 2�k), (12)

and

fTk (�) =
�� �k
�k

: (13)

Observe that fTk (�) increases in �k so that f
T
1 (�) � fT2 (�) � fT3 (�) � aT4 (�). The condition

�k�1 < �(�; f
T ) � �k is equivalent to fTk�1(�) < fT � fTk (�). Thus, for a �xed value of

�, an equilibrium of type k is obtained i¤ fTk�1(�) < f
T � fTk (�) as shown on Figure 2. It

is worth stressing that for fT = 0, an equilibrium of type k is obtained i¤ �k < � � �k�1
since fTk (�) increases with � and is zero for � = �k.

[Insert Fig.2 here]

To illustrate the e¤ect of a change in � or fT on the equilibrium type, we �rst consider

a numerical example. Parameters are set at: L = 1, � = 0:2, �H = 0:8, �L = 0:5. In this

case, Table 1 gives for various pairs (�; fT ), (i) the equilibrium type, (ii) the execution

probability for limit orders and (iii) the trading rate on the limit order market, i.e., the

unconditional probability that a trade takes place on this market in each period (we explain

in Section 4.2 how this trading rate is obtained).

Table 1 shows that limit orders��ll rate can increase when the matchmaker�s fee be-

comes higher or the order processing cost in the dealer market, �, becomes smaller. For
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instance, when � = 0:5, an increase in the trading fee charged by the limit order market

from fT = 0 to fT = 0:5 leads to an increase in the �ll rate on the limit order market.

Or, when fT = 0:5, a decrease in the order processing cost on the dealer market from

� = 0:6 to � = 0:5 leads to an increase in the �ll rate on the limit order market. As we

shall see, these e¤ects are important to understand the impact of a change in the trading

fee or market structure on investors�welfare.

To gain intuition, suppose �rst that fT = 0. For high values of �, the dealer market is

not very competitive. In this case, as shown in Table 1, the equilibrium is unspecialized and

the �ll rate is high (type #1). When � declines, a trade on the dealer market yields a higher

surplus. Thus, the cost of an un�lled limit order is reduced and submitting a limit order

becomes more attractive for newcomers. A consequence, makers�market power declines

and makers must leave a high surplus to patient takers to keep their execution probability

high. For this reason, for intermediate values of � (� 2 [�3; �1]), makers submit limit orders
unattractive for patient investors but that secure a high surplus in case of execution. As

these limit orders are hit only by impatient investors, they have a low execution probability.

For low values of � (� 2 [�4; �3]), dealers�quotes are very competitive and makers obtain
a small surplus even if they choose quotes with a low �ll rate. Thus, they optimally switch

back to a high �ll rate strategy since the loss in surplus is small compared to the increase

in �ll rate. For this reason, limit orders��ll rate increases when � falls from 0:5 to 0:4 for

fT = 0 in 1.

Now consider the e¤ect of an increase in the matchmaker�s fee fT , for a �xed value of

�. This increase reduces the surplus to be split between the maker and the taker when

a transaction takes place on the limit order market (Gl = 2L � fT ). Thus, other things
equal, an decrease in fT raises the attractiveness of the dealer market for a newcomer and

reduces makers�market power, very much as an increase in � does. As a consequence,

the e¤ect of an increase in fT on makers�strategy is similar to that of a decrease in �.

In particular, it can induce makers to post more attractive o¤ers, which therefore execute

more frequently. This explains why, for instance, for � = 0:5, an increase in fT from 0 to

0:5 results in an increase in the trading rate on the limit order market.

Remark: We now brie�y discuss what happens when condition C.1 is not satis�ed.

First consider the case in which �H < 2�
1�� (1� �L) + �L. In this case either the proportion
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of patient traders is high (greater than 1=3) or/and (�H � �L) is small. Thus, the hetero-
geneity among traders is small. For this reason, traders never submit limit orders with

a low �ll rate and only equilibria with a high �ll rate arise (or the limit order market is

inactive). Expressions for the quotes in the these equilibria are as in Proposition 1.16

When �H > 2�
1�� + �L, the heterogeneity between patient and impatient traders is

high and/or the proportion of patient traders is small. Thus, traders have no "natural"

incentives to bid aggressively since there are very few patient traders and the di¤erence

between patient and impatient traders� reservation prices is high. For this reason, the

unspecialized/high �ll rate equilibrium does not exist. Otherwise, the possible equilibria

(and the existence conditions) are as in Proposition 1.17

4 Implications

4.1 Bid-ask spreads and trading fees

Stoll (2000) reviews various measures of illiquidity in �nancial markets. He refers to the

traded spread as the di¤erence between the average price of trades at the ask side and the

average price of trades at the bid side. In our model, this di¤erence is A� �B�. Thus, we
refer to Sp = A� � B� as the traded bid-ask spread on the limit order market. The traded
bid-ask spread underestimates the actual trading cost since it does not account for the

taker fee. Thus, we also de�ne the cum fee bid-ask spread, that is: Scp
def
= A� � B� + 2fm,

which is the di¤erence between the ask price cum fee and the bid price net of fee.

Figure 3 shows the cum fee bid-ask spread in equilibrium (plain line) and the bid-ask

spread in the dealer market (dashed line) as a function of �, the order processing cost in

the dealer market.

[Insert Fig. 3 here]

16More speci�cally, an unspecialized/high �ll rate equilibrium is obtained when Gd

Gl � �
0

1, a special-

ized/high �ll rate equilibrium is obtained when �
0

1 <
Gd

Gl � �
0

2 and the dealer market crowds out the limit

order market when Gd

Gl > �
0

2 with �
0

1 =
�L

2+�H��L and �
0

2 = �4.
17Observe that for every �L > 0, the set of parameters (�; �H) for which C.1 is satis�ed is non empty.

For instance for �L � 0, it is su¢ cient to choose � 2 [ �H3 ;
�H

3(1��L)+�H ], for C.1 to be satis�ed. For �L = 0,
C.1 is never satis�ed. This is the reason why we impose �L > 0. When �L = 0, impatient investors never
submit limit orders since they obtain a zero payo¤ with a limit order. Thus, the equilibria are necessarily
specialized and can be of types 3 or 4.
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When the limit order market is active, the cum fee bid-ask spread is always lower in

equilibrium than the bid-ask spread on the dealer market.18 Indeed, otherwise, it would

never be optimal to submit a market order on the limit order market. In general, the cum

fee bid-ask spread is strictly smaller than the bid-ask spread in the dealer market, except in

the specialized/low �ll rate equilibrium where the costs of a market order in either market

are equal. It is also easily checked that the cum fee bid-ask spread is always positive.

In contrast, the total fee being �xed, when fm is positive and large (i.e., fl is negative),

the traded bid-ask spread can be negative. Yet, buying the security at the ask price and

reselling it at the bid price would not be pro�table because, cum fee, the bid-ask spread is

positive.

As explained previously, makers have less market power when the bid-ask spread on

the dealer market declines. Thus, in a given equilibrium, makers must therefore post more

attractive bid-ask spreads when � goes down, as shown on Figure 3. We therefore obtain

the following result.

Corollary 1 :For �xed fees of the trading platform, in a given equilibrium, the traded bid-

ask spread and the bid-ask spread cum fees increase with the order processing cost on the

dealer market.

Corollary 1 is valid only for changes in � that do not change the type of equilibrium,

i.e., small changes in �. For large changes, the e¤ect of � on the bid-ask spread in the

limit order market is ambiguous. As an example, consider Table 1 again and suppose

that fT = 0. If � = 0:7, a type #1 equilibrium is obtained and the cum fee bid-ask

spread is Scp = 0:68. In this equilibrium, quotes have a high execution probability as they

attract market orders from impatient and patient investors. But if � = 0:6, a type #2

equilibrium is obtained: makers choose quotes that attract only impatient investors. As

these investors have a high willingness to pay for immediacy, makers can a¤ord to post

much less aggressive quotes than in a type #1 equilibrium, at the cost of a lower execution

probability. As a result, the cum fee bid-ask spread is Scp = 1:13 and is greater than when

� = 0:6, despite the fact that the dealer market appears more competitive in this case.

18The traded spread is Sp = Scp � 2fm. Thus, it is also smaller than the bid-ask spread in the dealer
market when fm > 0. In contrast, when fm < 0, the traded bid-ask spread can exceed the bid-ask spread
in the dealer market.
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Corollary 2 : Suppose that the parameters are such that the equilibrium is unspecialized

or specialized with a high �ll rate:

1. The traded bid-ask spread in the limit order market decreases in the take fee and

increases in the make fee.

2. The cum fee bid-ask spread increases in the total fee charged by the platform.

3. The total fee being �xed, the cum fee bid-ask spread does not depend on the allocation

of the fee between makers and takers (i.e., it does not depend on fl and fm).

To understand the �rst part of the corollary, consider �rst an increase in the take fee,

fm. Other things equal, this increase reduces one-for-one the concession that investors are

willing to pay to trade upon arrival with a market order. That is, buyers�cut-o¤ prices

decline and sellers�cut-o¤ prices increase, each by an amount equal to the take fee (see

equations (5) and (6)). As a consequence, investors submitting limit orders must post

more attractive quotes and the traded bid-ask spread narrows. This reduction in bid-ask

spreads implies that the expected payo¤ with a limit order drops, which makes investors

more willing to pay a concession for immediate execution. This feedback partially, but not

fully, counterweights the initial change in investors�cut-o¤ prices and the bid-ask spread.

Thus, the net e¤ect of an increase in the take fee is an increase in the bid price and a

decrease in the ask price posted by investors submitting limit orders. But the decrease is

less than one-for-one, that is:

�1 < 1

2

@Sp
@fm

< 0 (14)

Hence, in equilibrium, the increase in the take fee is not entirely neutralized by a decrease

in the traded bid-ask spread and therefore the cum fee half bid-ask spread increases in the

take fee but at a rate less than one. Indeed, since Sc = S +2fm, we deduce from equation

(14) that:
1

2

@Scp
@fm

=
1

2

@Sp
@fm

+ 1 > 0 and
1

2

@Scp
@fm

< 1. (15)

Hence, ultimately, the burden of a higher take fee is shared between makers and takers.

Now consider the e¤ect of an increase in the make fee. Other things equal, an increase

in the make fee reduces the expected payo¤ of investors submitting limit orders. As a
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consequence, all investors are ready to pay larger concessions to get immediate execu-

tion. That is, other things equal, buyers�cut-o¤ price increases and sellers�cut-o¤ price

decreases when the make fee increases (see equations (5) and (6)). This e¤ect enables

investors submitting limit orders to charge less competitive quotes, unless their quotes are

constrained by those posted in the dealer market. But, as seen in Figure 2, this constraint

does not bind for the equilibria considered in Corollary 2. Thus, in these equilibria, the

traded bid-ask spread widens when the make fee increases because investors are willing to

pay greater concessions to avoid the make fee. As a result, the expected payo¤with a limit

order is higher, which partially counterweight the impact of the increase in the make fee

on investors�cut-o¤ prices. Thus, the half traded bid-ask spread increases in the make fee

but at a rate less than one:

0 <
1

2

@Sp
@fl

< 1: (16)

This is also the case for the bid-ask spread cum fee since 1
2

@Scp
@fl
= 1

2

@Sp
@fl
. Hence, the increase

in the make fee is not entirely �passed-through�by investors submitting limit orders to

investors submitting market orders. Rather, as the increase in the take fee, the increase in

the make fee is ultimately shared between both types of investors.

The last part of the corollary shows that changing the make/take fee breakdown, while

keeping the total trading fee on the limit order market constant, does not a¤ect the cum

fee bid-ask spread. For instance, a decrease in the make fee by one cent triggers a drop of

less than one cent in the half bid-ask spread (Part 1 of Corollary 2). If it is neutralized by

an increase in one cent in the take fee, the half bid-ask spread drops further by less than

one cent (Part 1 of Corollary 2 again) and the cumulative drop in the half bid-ask spread

is just equal to one cent in equilibrium. That is the relative cost advantage granted to

makers at the expense of takers is completely neutralized by the drop in the half traded

bid-ask spread in equilibrium.

The specialized/low �ll rate equilibrium requires a separate analysis. Indeed, in this

equilibrium, the constraint that the quotes cum fee in the limit order market must be as

attractive as dealers�quotes is binding (see Figure 3). Now, consider �rst an increase in the

make fee. As explained previously, this increase reduces the expected payo¤ with a limit

order and makes investors more willing to pay large concessions for immediate execution.

But investors submitting limit orders cannot take advantage of this greater willingness to
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pay for immediacy as their quotes cum fees would then become uncompetitive relative to

an immediate trade in the dealer market. Hence, makers cannot pass through the increase

in the make fee to takers, even partially, as in the other equilibria. Thus, the traded and

cum fee bid-ask spread is inelastic to a change in the make fee in the specialized/low �ll

rate equilibrium.

Now consider an increase in the take fee. Following this increase, investors submitting

buy (resp. sell) limit orders must increase (resp. reduce) their bid (ask) price by an amount

just equal to the increase in the take fee as otherwise the payo¤ of a sell (buy) market

order is less than the payo¤ obtained with a trade in the dealer market. As a consequence,

the half traded bid-ask spread falls one-for-one with an increase in the take fee and the

cum fee bid-ask spread is independent of the take fee. Thus, in a specialized/low �ll rate

equilibrium, an increase in the take or the make fee is entirely borne out by makers.

Overall, this analysis generates several interesting testable implications regarding the

e¤ect of a change in make/take fees on bid-ask spreads: (i) an increase in the make fee

has a positive e¤ect on the traded bid-ask spread, (ii) an increase in the take fee has a

negative e¤ect on the traded bid-ask spread, (iii) for a �xed fee structure, the cum fee

bid-ask spread is independent of the make/take fee breakdown and (iv) an increase in the

total fee increases the cum fee bid-ask spread or has no e¤ect. Moreover, the model implies

that the e¤ect of an increase in the total fee on the traded bid-ask spread is ambiguous,

as it depends on whether this increase is achieved by raising the take fee or the make fee.

An increase in the take fee should decrease the traded bid-ask spread while an increase in

the make fee should increase the bid-ask spread.

4.2 Trading Rate, Make Rate and Fill Rate

In addition to the bid-ask spread, market participants often use the trading rate of a market

and the �ll rate for limit orders (the fraction of executed limit orders) as other measures

of market liquidity. We now use Proposition 1 to study the determinants of the �ll rate

and the trading rate on the limit order market.19

When the limit order market is active, the investor who arrives at a given date can

19The trading rate on the dealer market is negatively related to the trading rate on the limit order
market. Thus, a change in the parameter that increases the trading rate on the limit order market has
the opposite e¤ect on the trading rate in the dealer market.
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be: (1) a patient investor who submits a limit order; (2) a patient investor who submits

a market order; (3) an impatient investor who submits a limit order; (4) an impatient

investor who submits a market order; (5) an impatient investor who trades upon arrival

in the dealer market. Let 'k = ('k
1;
'k
2
; 'k

3;
'k
4
; 'k

5
) be the vector giving the stationary

probability of each of these events at date t in an equilibrium of type #k conditional on

the market being still opened at date t. The likelihood of a trade on the limit order market

in a given period is:

TRk = 'k
2
+ 'k

4
: (17)

This probability also measures the average number of trades per period on the limit order

market since it gives the fraction of periods in which a trade takes place on the limit order

market. Thus, we call it the trading rate on the limit order market.

We denote by MRk, the �make rate�, i.e., the likelihood that an investor arriving in a

given period submits a limit order. By de�nition:

MRk = 'k1 + '
k
3: (18)

In equilibrium, in the limit order market, the number of �lled limit orders must be equal

to the number of executed market orders. Hence, the trading rate can also be written:

TRk = FRk �MRk. (19)

where FRk is the ��ll-rate�(i.e., the fraction of executed limit orders) in an equilibrium

of type k. Thus, the trading rate is high when the matchmaker attracts many limit orders

(a high make rate) and these limit orders have a high execution probability (a high �ll

rate). Last, the likelihood of a trade on either market in a given period is 'k
2
+ 'k

4
+�

'k1 + '
k
3

�
(1� FRk) + 'k

5
= 1� TRk.20 Thus, the market share of the limit order market

is MSkl =
TRk

1�TRk . As expected, it increases with the trading rate on this market.

Corollary 3 The trading rate and the make rate in the limit order market are:

TR1 = 33%; TR2 =
1� �
3� � ; TR

3 =
�(1� �)

2
; TR4 =

�

2 + �
:

MR1 = 66%; MR2 =
2

3� � ; MR
3 = �; MR4 =

2�

2 + �
:

20The likelihood of a trade in a given period is smaller than one. To see this suppose that there is a
trade on the limit order market at, say, date t � 1. Then the limit order book is empty at date t and if
a patient investor arrives he will submit a limit order. In this case, there is no trade in either market at
date t.
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Moreover, under C:1, for a given �, TR1 > TR2 > TR4 > TR3 and MR2 > MR1 >

MR3 > MR4. The �ll rate is 50% in equilibria of types #1 and #4 and (1��)
2

in equilibria

of types #2 and #3.

For a given value of �, the trading rate is entirely determined by the type of equilibrium

which is obtained. Thus, the make/take fee breakdown has no e¤ect on the trading rate

since it does not a¤ect the type of equilibrium in the limit order market.

In contrast, the trading fee has an impact on the trading rate since it is one deter-

minant of the type of equilibrium. Observe that the trading rate is higher in a type #4

equilibrium than in a type #3 equilibrium. An intriguing implication is that an increase

in the trading fee on the limit order market (or a decrease in the order processing cost on

the dealer market) can, counter-intuively, raise the trading rate on the limit order market

(and therefore its market share). To see this, suppose that the trading fee and the order

processing cost in the dealer market are such that an equilibrium of type #3 is obtained

and consider Figure 2. In this case, as shown on Figure 2, there always exists a higher fee

or a smaller order processing cost such that a type #4 equilibrium obtains.

For a numerical example, consider again Table 1 and suppose � = 0:6. When fT = 0,

a type #2 equilibrium is obtained. As � = 0:2, the make rate is 71% and the �ll rate is

40% (See Corollary 3). Thus, the trading rate is 71% � 40% = 28%. When fT = 0:5, a

type #3 equilibrium is obtained. The make rate falls to 20% as impatient investors stop

using limit orders and the �ll rate remains at 40%. As a result the trading rate is only

20% � 40% = 8%. But if fT = 0:9, a type #4 equilibrium is obtained. The make rate

is smaller (18.1%). But makers choose limit orders with a higher �ll rate (50%). Hence,

eventually the trading rate is higher and equal to 18:1% � 50% = 9%.
The reason for this counter-intuitive �nding is as follows. Suppose that fT and � are

such that a type #3 equilibrium is obtained. In this equilibrium, only patient investors

submit limit orders. Thus, the make rate is low. Moreover, only impatient investors �nd

optimal to submit market orders. Thus, the �ll rate is low. As a consequence, the trading

rate is very low. Now suppose that the matchmaker raises its fee or suppose that dealers�

order processing cost declines. As explained after Proposition 1, either change reduces

makers�market power and, if large enough, can force them to post quotes with a high �ll

rate. For this reason, the trading rate is strictly higher in a type #4 equilibrium than in
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a type #3 equilibrium.

As our numerical example shows, the model does not imply that the trading rate on the

limit order market always increases in the trading fee. It just features a range of values for

the order processing cost in the dealer market (those resulting in a type #3 equilibrium)

for which this can be the case.

4.3 Trading Fee and Investors�Welfare

We now use the �ndings of the previous sections to analyze the e¤ect of trading fees on

investors�welfare. We measure investors�welfare ex-ante, i.e., before investors learn their

type (buyer/seller and patient/impatient) and their role (maker/taker). Our main result

in this section is that a strictly positive trading fee can enhance investors�welfare in some

cases.

Let W (�; fT ) be the expected ex-ante gains from trade for an investor when the order

processing cost in the dealer market is � and the trading fee charged by the matchmaker

is fT . Moreover, let TR(fT ; �) and FR(fT ; �) be respectively the trading rate on the

platform and the �ll rate for limit orders. Computations show that21

W (fT ; �) = TR(fT ; �)Gl+(1� 2TR(fT ; �))Gd��(fT ; �)
�
(Gl+Sc�fT )FR(fT ; �) + 2(1� FR(fT ; �))Gd

�
| {z }

Waiting Costs
(20)

where �(fT ; �) =
�
(1� �H)'1(�; fT ) + (1� �L)'3(�; fT )

�
=2 and '

1
(�; fT ) (resp., '

3
(�; fT ))

is the probability that a patient (resp. impatient) acts as a maker. This probability de-

pends on the equilibrium type, as explained in Section 4.2. For instance, if � and fT are

such that a type #3 equilibrium is obtained then '
1
(�; fT ) = '3

1j
, where '31 is de�ned in

Section 4.2.

The �rst component in investors�welfare is the weighted average of investors�surplus

when a transaction takes place on the limit order market, Gl, and investors�surplus when a

transaction takes place on the dealer market, Gd. The weights are the probabilities that, in

each period, a transaction takes place on the limit order market (TR(fT ; �)) or the dealer

market (1 � 2TR(fT ; �)). Investors�welfare is lower than this weighted average because
makers incur a �waiting cost�since �j > 0. The expected welfare loss due to this waiting

21For brevity, we derive the expression for investors�ex-ante expected gains from trade in the Internet
Appendix for this paper.
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cost is given by the last component in the expression for investors�welfare. Investors�

welfare is independent of the make/take fee breakdown since this breakdown does not

a¤ect neither the division of gains from trade among makers and takers in equilibrium, nor

investors�actions in equilibrium (hence the trading rate, the �ll rate and the make rate).

Proposition 1 describes the equilibrium when investors optimally trade in the dealer

market or in a limit order market. To measure the e¢ ciency of this market structure,

we need a benchmark. To this end, we �rst study the �role allocation� that maximizes

investors�welfare given that investors arrive sequentially and have a deadline of one period.

We refer to this allocation as the �unconstrained �rst best.�22 A role allocation speci�es

the action taken by each type of investor when he arrives in the market (trade in the dealer

market/act as a taker/act as a maker) and the division of surplus between the maker and

the taker in each transaction. For instance, suppose that an impatient investor arrives after

a trade just took place. A role allocation speci�es whether the investor immediately trades

in the dealer market or whether she acts as a maker (�waits�). In the second case, the

role allocation also speci�es whether she is matched with the next investor (or eventually

trades in the dealer market) and, if she is matched, how the surplus is divided between the

two investors.

Each equilibrium in Proposition 1 results in a speci�c role allocation but, as shown

below, this role allocation does not in general maximizes investors�welfare. This is not

surprising. In any feasible mechanism, incentives compatibility constraints reduce the gains

from trade relative to the allocation of role maximizing gains from trade for investors.

A central planner in charge of choosing the role allocation that maximizes investors�

welfare optimally sets the trading fee to zero. Indeed, this fee reduces the total surplus

accruing to investors when a trade takes place and has no in�uence on investors�role since

this role is chosen by the central planner, not investors. Thus, there is no loss in generality

in setting the trading fee to zero to analyze the role allocation maximizing investors�

welfare. Using this observation, we obtain the following result.23

22We say unconstrained since we derive this role allocation asssuming that the planner in charge of
implementing this allocation knows the types of investors. Another benchmark would be the �constrained
�rst best�, which is obtained by implementing the optimal direct mechanism that induce investors to reveal
their type. Clearly, the trading mechanisms considered in the paper cannot achieve a a higher welfare for
investors than either benchmarks.
23This result holds for all values of the parameters, even those such that Condition C.1 does not hold.
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Proposition 2 (�rst best) Let �� = L(1��H)
3��H and ��� = L(2(1��L)+�(�H��L))

3(2��L)��(�H��L) . For all values

of the parameters, a central planner that maximizes investors�welfare sets the trading fee

to zero, leaves no surplus to makers and chooses a role allocation that is

1. as in a type #5 equilibrium if � < �� (i.e., all trades take place on the dealer market).

2. as in a specialized/high �ll rate equilibrium (type #4) if �� � � < ���,

3. as in an unspecialized/low �ll rate equilibrium if ��� � � � L:

To gain intuition on this result, suppose an investor arrives and there is no possible

match with the previous investor. The trade-o¤ for the central planner is whether the

newcomer should act as maker or whether she should trade immediately on the dealer

market. The �rst choice entails a waiting cost while the second choice entails an order

processing cost. The solution to this trade-o¤ depends on the size of the order processing

cost, �. If � is small then the cost of an immediate trade in the dealer market is relatively

small and it is never e¢ cient to have an investor waiting (acting as makers). Thus, all

trades take place in the dealer market. For intermediate values of �, the cost of a trade

in the dealer market is higher and it is e¢ cient that the investor acts as a maker i¤ her

waiting cost is relatively small (as in a specialized equilibrium). Last, if � is high, it is

e¢ cient to have the investor acting as a maker whether she is patient or impatient (as in

an unspecialized equilibrium).

A second feature of the �rst best role allocation is that if an investor acts as a maker

then she is matched with the next investor whenever possible (e.g., the �rst investor is

a buyer and the second a seller). Thus, as in high �ll rate equilibria, the likelihood of a

match is maximal (1
2
). In this way, the central planner maximizes the return on the cost

of waiting by minimizing the chance that an investor will eventually have to be matched

with a dealer. Last, leaving surplus to makers is ine¢ cient since the latter discount this

surplus. Thus, the central planner leaves no surplus to makers.

Now, consider the role allocation that is obtained when investors optimally choose

their order placement strategies. Proposition 1 implies that this role allocation never

corresponds to the �rst best, even when the trading fee is zero. First, when the limit

order market is active, makers obtain a strictly positive expected surplus. This is required

as makers need to be incentivized to submit limit orders. Yet, this is ine¢ cient since
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investors discount delayed gains from trade. Second, and more interestingly, the dealer

market crowds out the limit order market too �quickly.� Indeed, �� < �4. Thus, for

� 2 [��; �4], the limit order market is inactive in equilibrium while the �rst best role

allocation requires trades to happen directly between investors. Third, there is a range

of values for � (� 2 (�3;�1)) for which the likelihood of a match between two consecutive
investors is less than 1

2
in equilibrium (type #2 and type #3 equilibria). For these values

of �, makers choose quotes with low execution probabilities to extract more surplus from

takers in case of execution. This behavior is individually optimal but socially ine¢ cient

since low likelihood of execution raises the chance that the cost of waiting for makers will

be paid needlessly.

Thus, when � 2 (�3;�1), un�lled limit orders are a source of ine¢ ciency of the market
structure considered in our paper. Interestingly, Holli�eld et al.(2006) empirically show

that un�lled limit orders constitute a major source of ine¢ ciency for limit order markets.

We now show that the trading fee can be used to alleviate this ine¢ ciency and raise

investors�welfare. Intuitively, the reason is that a su¢ ciently large increase in trading fees

can induce makers to switch from a strategy with a low �ll rate to a strategy with a high

�ll rate, as explained in previous sections.

To see this, suppose that � 2 (�3; �2]. In this case, when fT 2 [0, fT3 (�)], a type #3
equilibrium is obtained while for fT 2 (fT3 (�); fT4 (�)], a type #4 equilibrium is obtained

(see Figure 2). Thus, an increase in trading fee from fT = 0 to, say, fT = fT3 (�)+� � fT4 (�)
will shift the �ll rate from low to high. The net e¤ect on investors�payo¤ is ambiguous.

On the one hand, the higher �ll rates for limit orders has a positive e¤ect on welfare. On

the other hand, the higher trading fee has a negative e¤ect on investors�welfare. However,

for � su¢ ciently small (i.e., fT close to fT3 (�)), the �rst e¤ect dominates as claimed in the

next corollary.

Corollary 4 Suppose that � 2 (�3; �2]. Then, there exists a value b� 2 (�3; �2] such that
for �3 < � � b�, investors�welfare is higher when fT = fT3 (�) + � (where � is very small
but positive) than when fT = 0.

The same type of result can be obtained for � 2 (�2; �1]. Indeed, in this case, if fT = 0,
a type #2 equilibrium is obtained whereas if fT = fT3 (�) + � a type #4 equilibrium is
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Investor�s Aggregate Welfare
First Best Equilibrium

Zero Trading Fee Trading Fee: fT3 (�) + �
Order Processing Cost: �

�3 0:687 49% 56%
0:82 0:685 47% 51%
0:85 0:682 44% 43%
0:88 0:679 41% 34%
0:90 0:677 39% 29%

Table 2: Trading fee and Investors�welfare

obtained. As the �ll rate for limit orders is higher in a type #4 equilibrium, investors�

welfare is higher when fT = fT3 (�) + � than when f
T = 0 if � is su¢ ciently close to �2.

We illustrate these �ndings with a numerical example in Table 2. In Table 2, parameter

values are set at L = 1, � = 0:297, �H = 0:885, �L = 0:067. Given these values, we have

�3 = 0:802 and �2 = 0:95. We therefore consider di¤erent values of � in the interval

[0:802; 0:95]. For each value of �, we give investors�welfare in the �rst best in the second

column. In the third and fourth column, we give investors�welfare as a percentage of their

welfare in the �rst best when the trading fee is zero (third column) and when the trading

fee is set at fT3 (�)+ � (we set � = 10
�9). In this example, it turns out that b� � 0:84. Thus,

for all values of � 2 (0:802; 0:84), investors�welfare is strictly higher when the fee is set at
fT3 (�) + �. It is worth stressing that the fee required to maximize investors�welfare can

be large compared to gains from trade. For instance, in the example considered in Table

2, the fee must be set at about fT = 0:18 (i.e., 26:2% of total gains from trade) when

� = 0:82.

Corollary 4 shows that a positive trading fee can be part of the optimal market structure

even if the matchmaker incurs no cost to match trades. This is not the case for all values

of �, however, as shown by the next corollary.

Corollary 5 Suppose that � 2 (�4; �3] or � 2 (�1; L]. Then, the trading fee that maximizes
investors�welfare is fT = 0.

If � 2 (�4; �3] or � 2 (�1; L] and the trading fee is zero, an equilibrium of type #4 or

#1 is obtained. In this equilibrium, the �ll rate is as high as in the �rst best allocation

and matches are as in this allocation for a given sequence of arrivals. In this case, raising
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the trading fee can only reduce investors�welfare since (i) it reduces the surplus to be split

among makers and takers and (ii) it leaves unchanged or even decreases the �ll rate. Thus,

for extreme values of �, the trading fee that maximizes investors�welfare is zero.

To sum up, for high or low values of the order processing cost in the dealer market,

the trading fee that maximizes investors�welfare is zero. But, surprisingly, this fee can be

strictly positive for intermediate values of the order processing cost as a higher trading fee

is a way to induce makers to make o¤ers with higher execution probabilities.

5 Market Structure and Investors�Welfare

In this section, we study which type of �market structure�maximizes investors�welfare.

We consider several types of market structures: a single dealer market, a dealer market

coexisting with one or two matchmakers or a market structure with only one or two match-

makers. We �rst derive the optimal pricing policy for the matchmaker(s) in each market

structure and we then study which market structure results in the highest possible welfare

for investors.(see Section 5.3).

5.1 Pricing policy of a single matchmaker

The per period expected pro�t of the matchmaker is equal to the trading rate on the limit

order market times the total fee per trade on this market. As the trading rate does not

depend on the breakdown of the total fee, the objective function of the matchmaker is:

MaxfT �(fT ; �) � TRl(fT ; �)� fT ,

where TR(fT ; �) is the trading rate on the platform if its fee is fT and the order process-

ing cost on the dealer market is �. As explained previously, if the platform sets a fee

fT 2 (fTk�1(�); fTk (�)] then a type k equilibrium is obtained and TRl(fT ; �) = TRkl (see

Proposition 1 and Corollary 3). Thus, in a type k equilibrium, the platform can increase

its fee up to fTk (�) without changing its revenue per period. Setting a fee strictly larger

than fT4 (�) is never optimal for the matchmaker since it results in no trading on the limit

order market. Also, setting its fee at fT3 (�) cannot be optimal since by raising its fee at

fT4 (�), it attracts more trades and thereby it generates more revenue, as shown in Corol-

lary 3. Thus, eventually, the matchmaker optimally chooses one of three fees: fT1 (�);
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fT2 (�), or f
T
4 (�). In making this choice, the platform faces the traditional price-quantity

trade-o¤ for a monopolist: the larger is the fee charged by the matchmaker, the smaller

is the trading rate on the limit order market. The solution to this trade-o¤ ultimately

depends on the order processing cost in the dealer market, as shown in the next proposi-

tion. For this proposition, we use the following notations: �
0

1 �
�
(3��)��11 �3(1��)��12 �4�
(3��)��11 �3(1��)��12

�
L,

�
0

2 �
�
(2+�)��11 �3���14 �4(1��)

(2+�)��11 �3���14

�
L, �

0

3 �
�
(1��)(2+�)��12 ��(3��)��14 �4(1�2�)

(1��)(2+�)��12 ��(3��)��14

�
L. Under C:1, we

have either �
0

1 > �
0

2 > �
0

3 > �4 or �
0

3 > �
0

2 > �
0

1 > �4.

Proposition 3 1. If � < �4, the limit order market is inactive (there is no positive fee

for which the matchmaker can attract limit orders).

2. If � � �4, the matchmaker�s optimal fee is:

fT�(�) =

8><>:
���1
�1

if max(�
0

1; �
0

2) � � � L;
���2
�2

if �
0

3 � � < �01;
���4
�4

if �4 � � < min(�
0

2; �
0

3):

Thus, the type of equilibrium obtained in the limit order market given the optimal fee

set by the matchmaker is: a type #1 equilibrium if max(�
0

1; �
0

2) � � � L, and a type
#4 equilibrium if �4 � � < min(�

0

2; �
0

3), or a type #2 equilibrium if �
0

3 � � < �01 and
�
0

3 < �
0
1.

Figure 4 shows the evolution of the fee set by the matchmaker as a function of order

processing cost in the dealer market, � when �
0

1 > �
0

2 > �
0

3 > �
0

4.

Insert Fig.4 about here

Corollary 6 :The type of equilibrium being �xed, the fee charged by the matchmaker in-

creases in the order processing cost in the dealer market.

Intuitively, as the order processing cost in the dealer market declines, the matchmaker

faces increasing competition from the dealer market since the surplus that investors can

obtain by immediately trading in the dealer market gets larger. For this reason, the

matchmaker tends to choose smaller fees when the bid-ask spread in the dealer market

becomes small.

Corollary 6 is valid only when the change in the bid-ask spread in the dealer market

does not result in a change in the type of equilibrium obtained in the limit order market.
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For instance, consider �H and �L such that �H = �
0

2 + � and �L = �
0

2 � �. As shown
on Figure 5, for � small enough, the fee charged by the matchmaker will be higher when

� = �L than when � = �H and yet �H > �L. Thus, an increase in the competitiveness of

the dealer market does not always induce the matchmaker to reduce its fee. The reason is

the following. In a given equilibrium, the matchmaker decreases its fee when � decreases to

maintain unchanged the trading rate. At some point, this is too costly and the matchmaker

is better o¤ raising discontinuously its fee at the cost of a loss in market share (a drop in

the trading rate).

Entry of the dealer market curbs the matchmaker�s market power and always results

in a decrease in the trading fee. To see this, consider the polar case in which � = L. As

explained previously, this situation is akin to the case in which the dealer market does

not exist and the matchmaker has therefore full monopoly power. As one would expect,

in this case, the matchmaker optimally charges the largest possible fee: fT�(L) = 2L (see

Proposition 3). Thus, the matchmaker extracts all gains from trade (Gl = 0) and investors�

payo¤ is zero, whether they use a market order or a limit order. In contrast, when � < L,

the fee charged by the matchmaker is strictly less than 2L and investors�expected payo¤s

are strictly positive.

Let Sc(fT ; �) be the cum fee bid-ask spread when the bid-ask spread in the dealer

market is � and the total fee charged by the matchmaker is fT . Thus, when the matchmaker

optimally sets its fee, the cum fee bid-ask spread is Sc(fT�(�); �).

Corollary 7 Suppose the matchmaker optimally sets its trading fee at fT�(�) and � > �4

(the matchmaker is active).

1. In this case, the cum fee bid-ask spread in the dealer market is equal to the bid-ask

spread in the dealer market (Sc(fT�(�); �) = 2�) when � � max(�01; �
0

2) and smaller

than the bid-ask spread in the dealer market when max(�
0

1; �
0

2) < �.

2. Moreover the cum fee bid-ask spread increases with the order processing cost in the

dealer market:
dScp(f

T�(�);�)

d�
> 0:

The �rst part of the corollary helps to better understand the optimal pricing policy

for the matchmaker. To see this, recall that the cum fee bid-ask spread increases with the
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trading fee. Thus, the highest fee that the matchmaker can charge is the fee that makes

all investors submitting market orders indi¤erent between trading in the dealer market

(and paying �) or the limit order market (and paying Sc(fT ; �)). This fee is such that

investors�surplus is L � � whether they trade in the dealer market or in the limit order
market. We call this fee the �matching fee.�The matching fee is the highest possible fee

for the matchmaker. But it has a cost: it precludes either the submission of market orders

by patient investors or the submission of limit orders by impatient investors. To see this,

suppose that the matchmaker picks the matching fee and patient investors submit market

orders. In this case quotes must be such that patient investors just obtain (L� �) with a
limit order. Indeed if they obtain more they would not submit market orders whereas if

they obtain less they would never submit a limit order and the limit order market would

be inactive. But in this case, impatient investors must receive a surplus strictly less than

(L � �) with limit orders and therefore never act as makers. Alternatively, suppose that
impatient investors submit limit orders. Then patient investors must obtain a surplus

strictly higher than (L� �) and never submit market orders.
Thus, the matching fee precludes a type #1 equilibrium (in which both types of in-

vestors can be makers or takers) and hence a high trading rate. This equilibrium can

happen only if the matchmaker�s fee leaves a surplus strictly higher than (L � �) to in-
vestors submitting market orders. When � < max(�

0

1; �
0

2), this surplus is too high and the

matchmaker is better o¤ with the matching fee whereas if � � max(�
0

1; �
0

2), the match-

maker optimally chooses a strictly lower fee (so that (Sc(fT�(�); �) < 2�).

The second part of the corollary shows that the cum fee bid-ask spread in the limit

order market increases with the order processing cost in the dealer market even when the

matchmaker�s fee is endogenous (and hence react to the change in order processing cost).

In this case, a reduction in dealers�order processing cost reduces the cum fee bid-ask spread

on the limit order market because it reduces the market power of both the matchmaker

(hence its fee) and the makers (who therefore post more aggressive quotes).

5.2 Competing matchmakers

We now extend the model to analyze the e¤ect of competition between limit order markets.

To this end, we assume that there are two matchmakers denoted 1 and 2. The fees and
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quotes on the platform ran by matchmaker j are indexed by j 2 f1; 2g. For instance, fmj
denotes the take fee on the platform ran by matchmaker j and A�j denotes the ask price

posted by sellers on this platform in equilibrium. We refer to the set of o¤ers/trades in

both platforms as the "consolidated market."

Upon arrival, an investor observes the quote posted in each limit order market and

decides whether to submit a market order, a limit order or to trade on the dealer market.

Moreover, if the investor chooses a market order or a limit order, the investor also decides

whether the order gets routed to matchmaker 1 or matchmaker 2. We provide a formal

de�nition of the equilibrium in this case in Appendix B. For brevity, the proofs of the

results in this section are given in the Internet Appendix.

Proposition 4 � If the matchmakers charge di¤erent total fees (fT11 6= fT2 ), the limit
order market with the largest total fee is inactive and the equilibrium is as described

in Proposition 1 with a single limit order market.

� If the matchmakers charge the same total fees (fT1 = fT2 ), the two limit order markets
are active, the equilibrium is as in Proposition 1, but when an investor submits a limit

order, he chooses to route his order to platform 1 with probability 1
2
and to platform

2 with probability 1
2
. Both platforms are active if and only if � � �4.24

Thus, our predictions regarding the bid-ask spread on the limit order market, the

�ll rates, the trading rates etc... are still valid for the consolidated market when two

matchmakers, instead of one, compete for investors�order �ow. In particular, for a given

sequence of investors�arrivals, the dynamics of order �ow will be identical whether there

is a single matchmaker or two matchmakers (holding the total fee constant). The only

di¤erence with two coexisting matchmakers is that each only gets half of all trades (thus

trading rates on individual platforms are divided by two). But, for given fees, from the

point of view of investors, everything is as if trading was consolidated in a single market.

The market share of each matchmaker is determined by its total fee relative to its

competitor�s fee. However the breakdown of this fee between makers and takers is neutral.

For instance, if matchmaker 2 charges a total fee that is strictly higher than matchmaker 1

24In equilibrium, limit order traders use limit orders with the same execution probabilities on both
platforms. For instance, if they submit a limit order with high �ll rate on platform 1, they also do so when
they submit limit orders on platform 2.

34



(fT1 < fT2) then it attracts no trading at all, even if it subsidizes one side (fl2 < 0 or fm2 <

0). Interestingly, it is often argued that by charging a low make fee, a trading platform can

attract more limit orders and be therefore more attractive for investors submitting market

orders. This logic is not as obvious as it seems since it does not hold here. The reason is

as follows.

Suppose that fT1 = fT2 and that initially both markets have the same make/take fee

breakdown. Moreover, suppose that parameters are such that an equilibrium of types #1,

#2 or #4 obtains. Now suppose that matchmaker 2 cuts its make fee and recovers the loss

in revenues by increasing its take fee, so that its total fee is unchanged. Other things equal,

the cut in the make fee increases the expected payo¤ for investors submitting limit orders

on platform 2. But, for this reason and the fact that the take fee is higher on platform

2, investors are less willing to pay concessions for an immediate trade on this platform.

Thus, as explained in Section 4.1 (see the discussion after Corollary 2), investors have to

price their limit orders more aggressively on platform 2 and the traded bid-ask spread on

platform 2 must fall until the point where the cum fee bid-ask spread is identical on both

platforms. At this point, the division of gains from trade between makers and takers is

identical in both markets (as cum fees quotes are identical) and investors submitting limit

orders are therefore indi¤erent between routing their limit orders to platform 1 or platform

2.

As platforms can coexist with di¤erent make/take fees, the traded bid-ask spreads on

both platforms can be very di¤erent. Interestingly, Corollary 2 implies that the platform

with the smallest make fee (largest take fee) must feature a smaller traded bid-ask spread.

But, in all cases, the cum fee bid-ask spread is identical on both platforms since their total

fees are identical. These are two additional testable implications of the model.

Let �j(fTj ; f
T
�j;�) be the expected pro�t of matchmaker j for a given choice of its fee

(fT;j), the fee chosen by its competitor (fT�j) and the order processing cost in the dealer

market. Using Propositions 1 and 4, we deduce that:

�j(f
T
j ; f

T
�j;�) =

8<:
TR(fT ; �)� fT if fTj < f

T;�j;
0:5� TR(fT ; �)� fT if fTj = f

T
�j;

0 if fTj > f
T
�j:

where TR(fT ; �) = TRk if fT and � are such that �k�1 < L��
2L�fT � �k. The next propo-

sition provides the Nash equilibrium of the stage in which the two matchmakers simulta-
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neously choose their trading fees. We focus on the case � > �4 as otherwise the dealer

market crowds out the matchmakers.

Proposition 5 : If � > �4, both matchmakers optimally choose a zero total fee for any

value of the bid-ask spread in the dealer market. The breakdown of this fee for each match-

maker is indeterminate (i.e., any menu (fmj; flj) such that fmj + flj = 0 can be sustained

in equilibrium). The type of equilibrium in the consolidated limit order market is as given

in Proposition 1 in the particular case in which fT = 0.

Thus, competition among matchmakers drives their total fee to zero. Hence, one ex-

pects the cum fee bid-ask spread in the limit order market to decline and the market

share of the dealer market to fall after entry of a new matchmaker. Interestingly, the next

corollary shows that this is not always the case.

Corollary 8 Suppose � > �4.

1. When �3 � � < �2, the cum fee bid-ask spread is identical when there is one or two

matchmakers and the market share of the dealer market is higher when there are two

matchmakers.

2. When �2 � � < �1, the cum fee bid-ask spread is smaller and the market share of

the dealer market is smaller when there are two matchmakers.

3. When � < �3 or � > �1, the cum fee bid-ask spread is smaller and the market share

of the dealer market is identical.

Thus, when � 2 [�3; �2), entry of a new matchmaker leaves the bid-ask spread un-

changed and raises the market share of the dealer market. The reason for this counter-

intuitive result is that a drop in trading fee can induce makers to choose limit orders

with lower �ll rates. More formally, when � 2 [�3; �2) and a single matchmaker operates,
the trading fee chosen by the matchmaker is such that a type #4 equilibrium obtains

(as �2 < min(�
0

2; �
0

3), see Corollary 3). Moreover, the fee is such that the cum fee bid-

ask spread on the dealer market is just equal to the bid-ask spread on the dealer market

(Corollary 7). Entry of an additional matchmaker drives the trading fee to zero. Thus,

it increases makers�market power (as explained in previous section) and induces them to
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choose bidding strategies with a low �ll rate so that a type #3 equilibrium obtains (see

Figure 2 for � 2 [�3; �2)). As the trading rate on the consolidated limit order market
is smaller in a type #3 equilibrium than in a type #4 (see Corollary 3), entry of a new

matchmaker is eventually associated with a higher market share for the dealer market.

Moreover it does not change the bid-ask spread since the cum fee bid-ask spread is equal

to the bid-ask spread in the dealer market in a type #3 equilibrium.

The previous corollary o¤ers a potential explanation for the evolution of the market

share of the OTC market for E.U equities markets. The implementation of new rules

(so called MiFID regulation) in 2007 has triggered entry of many new trading platforms

trading stocks listed on E.U incumbent exchanges, forcing these exchanges to cut their

fees. Yet, the market share of the OTC equities market for E.U stocks has been steadily

increasing since 2007, which is one possible outcome predicted by Corollary 8.

5.3 Market structure and investors�welfare

We now use the the �ndings of the previous sections to analyze which market structure

yields the highest welfare for investors. Speci�cally, we run an horserace between four

di¤erent market structures: (i) competing matchmakers without a dealer market (�CM�

for short), (ii) a monopolist matchmaker with a dealer market (�MMD�), (iii) competing

matchmakers with a dealer market (�CMD�) and (iv) a dealer market only (D).

The �rst question is whether it is optimal to have one or two matchmakers. Each

market structure has cost and bene�ts to investors. With two matchmakers, the trading

fee is zero. However, for values of � 2 [�3; �1], the equilibrium with two matchmakers is

such that the �ll rate for limit orders is low while a single matchmaker sets its fee such

that for these values of �, the �ll rate is high. Thus, a priori, investors�welfare could be

higher with a single matchmaker. However, as shown in the next proposition, this never

happens because a single matchmaker fee is too high.

A second question is whether a dealer market should coexist with the matchmakers.

Suppose that investors can only trade in a limit order market with two matchmakers. This

situation is as if L = � and a type #1 equilibrium is obtained. Now suppose that a dealer

market is introduced. The bene�ts for investors is that, upon arrival, they can contact a

dealer if their waiting cost is high and they have access to �last resort liquidity suppliers�
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when their limit orders are un�lled. The cost however is that a dealer market may induce

makers to choose bidding strategies with a lower �ll rate or to specialize. This happens if

� 2 [�3; �1]. For this reason, for this range of values for �, the optimal market organization
can feature only two matchmakers as shown in Proposition 6 below.

Proposition 6 :

1. When � � �4, investors�welfare is maximal when investors can only trade in a dealer
market.

2. When � > �4, depending on the parameters �; �H ; �L,

� either investors�welfare is always maximal when investors can trade in a dealer
market and two competing matchmakers,

� or there exists �� 2]�4; �1[ such that for � 2 [��; �1[ investors�welfare is maximal
with two competing matchmakers but no access to a dealer market, and maximal

with two competing matchmakers and access to a dealer market otherwise (i.e.,

for � 2]�4; ��[
S
[�1;+1[).

Table 3 illustrates Proposition 6 for the same parameter values as in Table 2(L =

1; � = 0:297; �H = 0:885; �L = 0:067). For these parameter values, �4 = 0:11; �3 = 0:80,

�2 = 0:95, �1 = 0:98 and �� = �3. Thus, the optimal organization for investors features

two competing matchmakers operating in parallel with a dealer market for � 2 [�4; �3] or
� > �1, a single dealer market when � < �4, and two competing matchmakers without a

dealer market for � 2]�3; �1[.
Consider the case in which two competing matchmakers operate in parallel with a

dealer market now (CMD). As explained in Section 4.3, in this market structure, investors�

welfare can be improved by charging a higher fee when � 2 [�3; �2]. For instance when
� = 0:82, investors�welfare with two competing matchmakers and a dealer market is 47:5%

of investors�welfare in the �rst best. However, investors�welfare can be improved by 3:5%

(see Table 2) if the trading fee is set at fT3 (0:82) = 0:18. In this case, investors�welfare is

51% of investors�welfare in the �rst best.

Competition between matchmakers however drives the trading fee to zero. One possible

solution in this case is to set a �oor on the fee that should be charged by matchmakers. But
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Investor�s Aggregate Welfare
First Best Market Structure

MMD CMD CM D
Order Processing Cost: �

0:2 0:84 95% 98% 41% 95%
0:5 0:72 70% 84% 48% 70%
0:7 0:7 43% 65:5% 50% 43%
0:82 0:69 26% 47:5% 50:7% 26%
0:99 0:67 7% 52:3% 52:1% 1:5%

Table 3: Market Structure and Investors�welfare

the determination of the optimal �oor is delicate. For instance a too high �oor may enable

the matchmakers to sustain the monopoly solution for which investors�welfare is 21:5%

less than when the matchmakers set a zero fee (since � is high, a monopoly matchmaker

doesn�t face much competition from dealers).

6 Conclusion

In this paper, we have analyzed the e¤ect of inter-market competition on trading platforms�

optimal pricing policy and investors�order placement strategies. Our main �nding is that

an increase in the trading fee on a limit order market has a non monotonic e¤ect on limit

order �ll rates. The reason is that this increase reduces the surplus to be split between

makers and takers in each transaction. Thus, for a �xed division of this surplus, it makes

the outside option of takers (an immediate trade in a dealer market) more attractive. As

a consequence, makers�market power is reduced, which, for some parameter values, forces

them to make o¤ers with a higher execution probability. For this reason, a decrease in

trading fees (due for instance to competition) does not always result in a higher market

share for the limit order market or higher expected gains from trade (as un�lled limit

orders result in a welfare loss).

We have also analyzed the e¤ects of make/take fees. In our model, a change in

make/take fees that leaves the total fee unchanged a¤ects the raw bid-ask spread but

it leaves the cum fee bid-ask spread unchanged. For this reason, it leaves the division of

gains from trade between makers and takers una¤ected. Thus, the make/take fee break-

down is neutral (i.e., it has no e¤ect on trading volume and welfare). Only the total fee
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matters. However, it is worth stressing that, in our setting, makers face no constraints

on the prices that they can post. In reality, these prices must be posted on a grid with a

�xed minimum price variation (e.g., 1 cent in the U.S). With such a friction, makers would

not be able to fully neutralize the e¤ect of a change in the make/take fee breakdown and

this breakdown would therefore start playing a role. In fact Foucault, Kadan and Kandel

(2009) develops a theory of optimal make/take fees in this case. In this theory investors

cannot choose between limit and market orders. Thus, an interesting extension of our

analysis would be to analyze the e¤ect of a minimum price variation on the make/take fee

breakdown.

7 Appendix

7.1 Appendix A: Proofs of the results with a single matchmaker

7.1.1 Proofs

Proof of Lemma 1. Using equations (3), we obtain

U bul (B
�; fl; �L) =

�
�L
�H

�
U bul (B

�; fl; �H): (21)

Using this equation and equation (5), we deduce that

vH � Ar�t (�L)� fm � vH � Ar�t (�H)� fm; (22)

which yields Ar�t (�H) � Ar�t (�L). The same type of argument shows that Br�t (�i) increases
in �i.�

Proof of Proposition 1

First, we note that under Condition C.1, the set of parameters values such that �k�1 <
Gd

Gl
� �k is never empty. Second, by de�nition, a buyer (resp. seller) optimally submits a

buy market order on the limit order market when the ask price posted in the limit order

market is less (higher) than his (her) cut-o¤ price. Hence, when we analyze investors�best

responses in a given type of equilibrium, we just need to consider their best response when

the limit order book is such that they optimally choose to submit a limit order (e.g., a

buyer arrives and the posted ask price exceeds his cut-o¤ price).

The steps to �nd the conditions under which a given type of equilibrium is obtained

are identical for each step. Thus, for brevity, we just detail these steps for types #1 and
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#2 equilibria. We provide the derivations for the other types of equilibria in the Internet

Appendix for this paper.

Type 1 equilibrium: Assume that G
d

Gl
� �1. In a type #1 equilibrium, patient and impatient

buyers (resp. sellers) post a limit order when the limit order book features an ask (resp.

bid) price higher (smaller) than their cut-o¤ price. In this case, their expected payo¤

with their optimal limit order must be greater than the payo¤ they can obtain by trading

immediately on the dealer market, Gd. Moreover, investors choose buy and sell limit orders

with high �ll rates. That is, A� = Ar�(�H) and B� = Br�(�H) and limit orders at these

prices execute with probability 1
2
. Using these remarks and equations (5) and (6), we

deduce that

vH � Ar�(�H)� fm =
�H
2
(vH �Br�(�H)� fl) +

�H
2
Gd

Br�(�H)� vL � fm =
�H
2
(Ar�(�H)� vL � fl) +

�H
2
Gd

Solving this system of equations yield closed-form solutions for Ar�(�H) and Br�(�H) and

therefore the ask and bid prices in a type #1 equilibrium.

We now check that the order placement strategy of each investor is a best response

to other investors�order placement strategies. We �rst check that all investors are better

o¤ submitting a limit order rather than trading immediately in the dealer market. For

instance consider a buyer who arrives when there is no sell limit order in the limit order

book (i.e., At = A). His expected utility with a limit order at B� = Br�(�H) is

U bul (B
r�(�H); fl; �L) =

�i
2 + �H

(Gl +Gd). (23)

This expected is greater than his immediate surplus, Gd, if he buys in the dealer market

i¤
Gd

Gl
�
�
2 + �H � �i

�i

��1
. (24)

Now, it can be checked that �1 �
�
2+�H��i

�i

��1
. Thus, as Gd

Gl
� �1, Condition (24) is

satis�ed. The same reasoning shows that as Gd

Gl
� �1, sellers are better o¤ submitting a

limit order at A� rather than trading immediately in the dealer market when they expect

other investors to behave as in a type #1 equilibrium.

Now we check that when he submits a buy limit order, a buyer is better o¤ choosing

a limit order with high �ll rate at price B� = Br�(�H) rather than a buy limit order with
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low �ll rate at price Br�(�L). To see this, observe that in a type #1 equilibrium, impatient

sellers�cut-o¤ price solves

Br�(�L)� vL � fm =
�L
2
(Ar�(�H)� vL � fl) +

�L
2
Gd;

that is

Br�(�L) = vL + fm +
�L

2 + �H
(Gl +Gd) (25)

Thus, a buyer submitting a buy limit order with low �ll rate expects a payo¤

U bul (B
r�(�L); fl; �i) =

�i(1� �)
2

�
Gl � �L

2 + �H
(Gl +Gd)

�
+
�i(1 + �)

2
Gd:

Therefore, using equation (23), the limit order with low �ll rate is dominated by a limit

order with high �ll rate i¤

(1� �)
2

�
Gl � �L

2 + �H
(Gl +Gd)

�
+
(1 + �)

2
Gd � 1

2 + �H
(Gl +Gd):

After some algebra, this condition can be written,

[2� � (1� �)(�H � �L)]
[2� + (1 + �)�H � (1� �)�L]

� Gd

Gl
; (26)

that is G
d

Gl
� �1. In the same way, we can also show that a seller is better o¤ submitting a

sell limit order with high �ll rate at A� = Ar�(�H) rather than a buy limit order with low

�ll rate at Ar�(�L) i¤ Gd

Gl
� �1.

Type 2 equilibrium: Assume that �1 < Gd

Gl
� �2. In a type #2 equilibrium, patient and

impatient buyers (resp. sellers) choose to post a limit order when the limit order book does

not feature an ask price less (higher than) than their cut-o¤ price. Hence, their expected

payo¤ with their optimal limit order must be greater than the payo¤ they can obtain by

trading immediately on the dealer market, Gd. Moreover, in a type 2 equilibrium, buy and

sell limit orders have a low �ll rate. That is, A� = Ar�(�L) and B� = Br�(�L) and limit

orders at these prices execute with probability 1��
2
. Using these remarks and equations

(5) and (6), we deduce that in a type #2 equilibrium

vH � Ar�(�L)� fm =
�L
2
(1� �)(vH �Br�(�L)� fl) +

�L
2
(1 + �)Gd;

Br�(�L)� vL � fm =
�L
2
(1� �)(Ar�(�L)� vL � fl) +

�L
2
(1 + �)Gd:
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Solving this system of equations yield closed-form solutions for Ar�(�H) and Br�(vH ; �H)

and therefore the ask and bid prices in a type #2 equilibrium.

We now check that the order placement strategy of each investor is a best response

to other investors�order placement strategies. We �rst check that all investors are better

o¤ submitting a limit order rather than trading immediately in the dealer market. For

instance consider a buyer who arrives when there is no sell limit order in the limit order

book (i.e., At = A). His expected utility with a limit order at B� = Br�(�L) is

U bul (B
�; fl; �L) =

�i
2 + �i(1� �)

�
(1� �)Gl + (1 + �)Gd

�
: (27)

It is easily checked that U bul (B
�; fl; �L) � Gd i¤ Gd

Gl
� �2 as assumed in this case. Thus,

impatient buyers are better o¤ submitting limit orders with low �ll rates rather than

trading in the dealer market when they expect other investors to behave as in a type #2

equilibrium. This is a fortiori true for patient buyers, and the proof is symmetric for sellers.

Now we check that when he submits a buy limit order, a buyer is better o¤ choosing a

limit order with a low �ll rate at B� = Br�(�L) rather than a buy limit order with high �ll

rate at Br�(�H). To see this, observe that in a type 2 equilibrium, patient sellers�cut-o¤

price solves

Br�(�H)� vL � fm =
�H
2
(Ar�(�L)� vL � fl) +

�H
2
Gd;

that is:

Br�(�H) = vL + fm +
�H

2 + �L(1� �)
�
(1� �)Gl + (1 + �)Gd

�
; (28)

Thus, a buyer submitting a buy limit order with high �ll rate expects a payo¤

U bul (B
r�(�H); fl; �i) =

�i
2

�
Gl � �H

2 + �L(1� �)
�
(1� �)Gl + (1 + �)Gd

��
+
�i
2
Gd:

Therefore, using equation (27), we deduce that the expected payo¤ with a buy limit order

with low �ll rate is higher i¤

Gl

Gd
(2� � (�H � �L)(1� �)) < 2� + �H(1 + �)� �L(1� �)

After some algebra, this condition can be written,

[2� � (1� �)(�H � �L)]
[2� + (1 + �)�H � (1� �)�L]

<
Gd

Gl
; (29)
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that is G
d

Gl
> �1. In the same way, we can also show that a seller is better o¤ submitting a

limit order with low �ll rate at A� = Ar�(�L) rather than a buy limit order with high �ll

rate at Ar�(�H) i¤ Gd

Gl
> �1.�

Proof of Corollary 1 Direct using the expressions for the quotes in Proposition 1.�

Proof of Corollary 2. Direct using the expressions for the quotes in Proposition 1.�

Proof of Corollary 3.

Consider the market for the security at date t. At this date, this market can be in

6 possible states: (0) closed because the asset has already paid its cash-�ow; (1) active,

a patient investor arrives and submits a limit order; (2) active, a patient investor arrives

and submits a market order; (3) active, an impatient investor arrives and submits a limit

order; (4) active, an impatient investor arrives and submits a market order; (5) active, an

impatient investor arrives and trades upon arrival in the dealer market. Transitions from

one state to another follows a Markov chain with the following transition matrix, P̂k

P̂k =

�
1 00

(1� �)1 �M̂k

�
where 0 and 1 are 5 � 1 vectors and M̂k is a 5 � 5 matrix that depends on the type of
equilibrium, k. For instance, given equilibrium decisions in an equilibrium of type #1, we

have

cM1 =

0BBBB@
�
2

�
2

1��
2

1��
2

0
� 0 1� � 0 0
�
2

�
2

1��
2

1��
2

0
� 0 1� � 0 0
� 0 1� � 0 0

1CCCCA
As state 0 is absorbing it is clear that after some time the process will be in state 0

and the only stationary distribution of this process gives a weight of 1 to this state (that

is, the market closes with probability 1 when � < 1).

Let modify the matrix M̂k by deleting rows and columns corresponding to states that

are never entered (for instance state 5 in a type #1 equilibrium) so that the matrix, now

calledMk, is indecomposable, and let Pk be the transition matrix with this modi�ed matrix.

For instance

M1 =

0BB@
�
2

�
2

1��
2

1��
2

� 0 1� � 0
�
2

�
2

1��
2

1��
2

� 0 1� � 0

1CCA
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and

P1 =

�
1 00

(1� �)1 �M̂k

�
Now, we de�ne [q0k(t);q0k(t)] as the probability distribution over all states at time t in an

equilibrium of type k and we denote by dk(t) the probability distribution overall all states

conditional on the process not having been absorbed, that is,

dk(t) �
qk(t)

1� q0k(t)

If dk(t+ 1) = dk(t) = dk, then dk is called a stationary conditional distribution. Dar-

roch and Seneta (1965) show that dk is the left eigenvector of �Mk corresponding to the

maximum-modulus eigenvalue of �Mk. In our setting it is easy to see that dk is just the

stationary distribution associated with Mk.25 We call 'k this distribution, to which we

add a 0 for each state we deleted when rewriting M̂k as Mk. Thus, 'kj is the stationary

probability of state j at any date conditional on the cash-�ow of the security not being

paid at date t and we obtain

'1 =
�

2�
3
; �

3
; 2(1��)

3
; 1��

3
; 0

�
'2 =

�
�; 0; (1��)(2��)

3�� ; 1��
3�� ; 0

�
'3 =

�
�; 0; 0; �(1��)

2
; (1��)(2��)

2

�
'4 =

�
2�
2+�
; �2

2+�
; 0; �(1��)

2+�
; 2(1��)

2+�

�
The corollary then follows from equations (17), (18) and (19).

Remark: Probability 'kj can also be seen as the proportion of time spent in each state

when time to absorption is long. To see this, assume the process starts in state i 2 f1; ::; 5g
with probability �i, denote Ti the �rst time at which it reaches state 0 conditional on

starting in state i, and Nij be the number of visits of state j conditional on starting in

state i. Consider

mj = lim
t!1

X
i

�iE

�
Nij
Ti
jTi = t

�
:

Variable mj is the proportion of time spent in state j before absorption when the time

to absorption is very long. Darroch and Seneta (1965) show that mj = wjdj, where

25Because this vector is by de�nition associated with the eigenvalue 1, Mk being stochastic this is the
maximum-modulus eigenvalue.
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w = (w1; ::; w5) is the right eigenvector of �M corresponding to the same eigenvalue as d.

As the probability of transition from any state to state 0 is always �, it is easy to show

that we have w = 1. Hence, mj = 'j for i 2 f1; ::; 5g.�

Proof of Proposition 2 (Sketch, see the Internet appendix for the full proof)

As explained in the text, the unconstrained �rst best is necessarily such that the trading

fee is zero and makers�surplus is zero. These variables being �xed, the central planner

can choose to allocate roles as in a type #1, #2, #3, #4 or #5 equilibrium. Let Wj(�)

if the central planner chooses an role allocation identical to that obtained in a type #k

equilibrium.

Suppose that roles are allocated as in a type #1 equilibrium. Then, FR = 1
2
, TR =

33%, '1 =
2�
3
, '3 =

2(1��)
3
. Thus, using the expression for investors�welfare (equation

(20)) for these values of the parameters, we get that in this case:

W1(�) =
(2L)

3
+
L� �
3

� 2
3
(�(1� �H) + (1� �)�L)(L� �)

We can proceed in the same way to derive the expressions for investors�welfare in each case.

Then direct comparisons of investors�welfare in each possible case yields the proposition.�

Proof of Corollary 4 Suppose that � 2 [�3; �2). If fT = 0, a type #3 equilibrium

obtains. In this case

W (�; 0) = L(1� �(1� �H))� �(1� �(1� �H�)):

Now suppose that fT = fT3 (�) + � where � is very small. Then a type #4 equilibrium is

obtained. Investors�welfare is

W (�; fT3 (�)) =
(L� �)

(2 + �)(2� � �H(1� �))
�
4�(1� �) + �H(7�2 + � � 2)

�
Denoting �W (�) =W (�; fT3 (�))�W (�; 0), we can show that, under C.1, �W is linearly

decreasing in � and �W (�3) > 0. Depending on the parameters, under C.1, �W (�2) can

be either positive or negative. Thus there exists �̂ 2 (�3; �2] such that �W (�) � 0 i¤

�3 < � � �̂.�

Proof of Proposition 3
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If the platform chooses a fee equal to fTk (�) then a type k equilibrium is obtained. The

expected pro�t of the platform is then �(fTk ; �) = TR
k
l � fTk (�). Using the expression for

fTk (�) (equation (13)) and TR
k
l (Corollary 3), we obtain that

�(fT1 ; �) � �(fT2 ; �),
L� �
2L

� 2�

(3� �)��11 � 3(1� �)��12
, � � �01;

�(fT1 ; �) � �(fT4 ; �),
L� �
2L

� 2(1� �)
(2 + �)��11 � 3���14

, � � �02;

�(fT2 ; �) � �(fT4 ; �),
L� �
2L

=
2(1� 2�)

(1� �)(2 + �)��12 � �(3� �)��14
, � � �03:

The �rst and the second part of the proposition follows.�

Proof of Corollary 6. Immediate from inspection of the expression for fT�(�) in Propo-

sition 3.�

Proof of Corollary 7. Immediate from inspection of the expression for fT�(�) in Propo-

sition 3.�

Proof of Proposition 6. (Sketch, see the Internet appendix for the full proof)

The proof relies on direct comparisons of investors�welfare under the di¤erent market struc-

tures. Although writing investors�welfare in each market structure is tedious, comparing

the value of investors�welfare in each market structure is straightforward since investors�

welfare is a linear function of �. See the Internet appendix for the detailed proof. �

7.2 Appendix B: Extension with Two Matchmakers

7.2.1 Equilibrium de�nition with two matchmakers

Let U bumj(Aj; fm) and U
bu
lj (Bj; flj; �i) be respectively the payo¤s of a market order at price

Aj and a limit order at price Bj for a buyer with type �i. Similarly let U semj(Bj; fmj) and

U selj (Aj; flj; �i) be respectively the payo¤s of a market order at price Bj and a limit order at

price Aj for a seller with type �i. We denote by B�j the optimal bid price for a buyer if he

submits a buy limit order on platform j and by A�j the optimal ask price for a seller if she

submits a sell limit order on platform j. As limit orders stay only one period in the limit

order market, there is at most one quote in the consolidated market at any given point in

time. Thus, if an investor�s limit order is un�lled after one period, the investor uses the
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dealer market in last resort as in the baseline model. Consequently, investors�payo¤s are

de�ned as in equations (1), (2), (3) and (4).

The investor may be indi¤erent between submitting a limit order on platform 1 or on

platform 226. This happens when U bul1 (B
�
1(vH); fl1; �i) = U

bu
l;2(B

�
2(vH); fl2; �i). In this case

we assume that the investor routes his order to either platform with equal probabilities27.

Let Atj and Btj be the best ask and bid prices posted on platform j at date t, with

the convention that Ajt = Aj = 1 (Bjt = Bj = �1) if there is no sell (buy) limit order
on platform j at date t. Consider a buyer arriving at date t. He now has �ve options: (i)

a buy market order on platform 1, (ii) a buy market order on platform 2, (iii) a buy limit

order at price B�1 on platform 1, (iv) a buy limit order at price B�2 on platform 2 and (v)

a buy order in the dealer market. We denote these �ve options: bm1, bm2, B�1 , B
�
2 and bd,

respectively and the buyer�s choice among these options by Ob(�i; At) 2 fbm1, bm2 B�1(vH),
B�2(vH), bdg.
In the same way, we denote by, sm1, sm2, A�1, A

�
2 and sd, the �ve possible options for

a seller arriving at, say, date t and we denote the seller�s choice among these options by

Os(�i; Bt) 2 fsm1, sm2, A�1, A�2, sdg.
The equilibrium is then de�ned as in the baseline model. We can also proceed as in

the baseline model to solve for the equilibrium order placement strategies. In particular,

let de�ne Ar�j (�i) and B
r�
j (�i) as the solutions to:

vH � Ar�j (vH ; �i)� ajt =MaxfU bul (B�1(vH); fl; �i); U bul (B�2(vH); fl; �i); Gdg; (30)

Br�j (vL; �i)� vL � ajt =MaxfU sel (A�1(vL); fl; �i); U sel (A�2(vL); fl; �i); Gdg: (31)

Thus, a buyer with type �i is better o¤ submitting a buy (sell) market order on platform

j rather than a limit order on any platform if and only Ajt � Arj(vH ; �i). Moreover if

Ajt � Arj(�i) then the ask side on the other limit order book is empty since at any point
in time there is at most one limit order in the consolidated market. Thus, a buyer with

type �i submits a buy market order on platform j if and only if Ajt � Arj(�i), as in the

26The investor may also be indi¤erent between submitting a market order on platform 1 or on platform
2. But this case never happens in our model. Actually, at any given point in time, only one platform will
feature the best ask price or the best bid price. Thus, at a given point in time, an investor choosing a
market order will never be indi¤erent between both platforms.
27Without this assumption proposition 4 would still hold except for the routing probabilities. Proposition

5 would a fortiori hold since the platform attracting less orders in equilibrium would have larger incentives
to undercut its rival.
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baseline model. Similarly, a seller with type �i submits a sell market order to platform j

i¤B�j � Br�j (�i).
As in the baseline model, impatient investors are willing to pay larger concessions for

an immediate trade on market j than patient investors. That is, Arj(�i) decreases in �i and

Brj (�i) increases in �i. Thus, if a buyer decides to submit a limit order on platform j, he

picks one of two prices, as in the baseline model. Either he places a limit order with low

execution probability ( (1��)
2
) at price Brj (�L) or he places a limit order with high execution

probability (1
2
) at price Brj (�H). The prices chosen by a seller are symmetric. Thus, as in

the baseline case, there are four possible types of equilibria (specialized/unspecialized; low

�ll rate/high �ll rate) in which at least one limit order market is active.

Moreover, as in the baseline model, an investor never submits a limit order if his/her

expected payo¤ with such an order on either platform is too small relative to the payo¤

of an immediate trade on the dealer market. Last, investors use the services of both

matchmakers if and only if the payo¤s of an optimal sell limit order and an optimal buy

limit order are identical on both platforms. Otherwise investors will only route their orders

to the platform that yields the highest expected payo¤ and the other platform is inactive.

For instance, if:

U bul1 (B
�
1 ; fl1; �i) > U

bu
l2 (B

�
2 ; fl2; �i);

U sel1 (A
�
1; fl1; �i) > U

se
l2 (A

�
2; fl2; �i);

then, buyers and sellers never �nd optimal to submit a limit order on platform 2 and

therefore only platform 1 is active.
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